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Abstract 

Most types of evolution indicated on unicellular organisms are shown to be derived mathematically from the time change 

equation of organisms that self-reproduce, occasionally mutate, and die. Darwinian evolution corresponds to the 

approximate solution with respect to the first order of mutation term, showing that the mutant with the higher self-

reproducing rate and/or slower death rate increases its number. Such a mutant is mainly due to the nucleotide base 

substitutions. However, the scaffold, under which Darwinian evolution takes place, has been sometimes changed during 

the longer time. The well-known examples are the gene duplication to generate new genes and the gene transfer from the 

endosymbiont to the host genome of eukaryotes after the acceptance of endosymbionts. The mutants having experienced 

such drastic change in genome first decline to the minor members in the population but some of them recover the 

increase rate as a new style of organisms by Darwinian evolution under the reconstructed genome. The evolutionary 

process containing such innovation is formulated by successively solving the time change equations of satellite variants 

up to the higher order of mutation terms until the appearance of new style organisms. This mathematical formulation 

applied to the self-reproducing proto-cells in the RNA-protein world also provides a possibility to explain the origin of 

protein genes as well as of translation apparatus and the transition of the proto-cells to the DNA-RNA-protein world. 
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Introduction 

     In the famous book by Darwin [1], the gradual 
accumulation of selectively advantageous variants is 
proposed qualitatively for the generation of new species 
from the artificial selection of domestic animals and 
plants as well as from the observation of unique species in 
a geographically isolated region. The core of this proposal 
has become evident, after the re-discovery of Mendelian 
heredity, by the detection of hereditary variants, i. e., 

mutants, and extensive investigations have been carried 
out for the behavior of mutants especially in the 
Drosophila population [2-5]. In parallel, Darwinian 
evolution is mathematically formulated in population 
genetics to estimate the probability that a spontaneously 
arisen mutant is fixed in the population, depending on its 
selective parameter value [6,7]. This study also reveals 
that a selectively neutral mutant is fixed with the 
probability equal to the mutation rate, independently of 
population size. 
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     The gene and genome sequencing since the latter half 
of the last century has brought new information about the 
evolution of organisms. First, the comparison of 
orthologous genes from different species of organisms 
finds the selectively neutral nucleotide base substitutions 
with the constant rate of 10-9 per site per year [8-10] and 
makes it possible to reconstruct the phylogeny of the 
present-day organisms, revealing the following striking 
evolutionary pattern. All free-living organisms are traced 
back to the ancient divergence of proteobacteria, 
eubacteria and eukaryotes [11-14]. The mitochondria in 
eukaryotes have been derived from the endosymbionts of 
O2-respiratory eubacteria, and some of such eukaryotes 
have further acquired the photosynthetic plastids as the 
endosymbionts of cyanobacteria [15-18]. The multi- 
cellularity and cell differentiation have occurred in the 
eukaryotes after the acquirement of the mitochondria. 
Second, the amino acid sequence similarities of 
paralogous proteins strongly suggest that the repertoire 
of protein functions has been expanded by gene 
duplication and by the succeeding nucleotide base 
changes, partial deletion and/or insertion, and domain 
shuffling in the counterpart of duplicated genes [19-22]. 
Moreover, the studies of molecular biology begin to 
discuss the problems how the translation apparatus has 
been formed in the RNA-protein world and how the DNA-
RNA-protein world has been realized [23]. These recent 
results indicate the necessity of the more general 
formulation of evolution than the population genetics. 
 
     In the present paper, the evolutionary types of 
unicellular organisms listed above are shown to be 
derived mathematically from the time change equation of 
the organisms that self-reproduce, occasionally mutate, 
and die. While Darwinian evolution is derived from the 
selective advantage of the first order of mutation term, 
the other types of evolution such as the gene duplication 
and the reception of endosymbionts must be formulated 
by considering the mutants first decreased in their 
increase rate and the succeeding steps of mutation to 
recover the increase rate. The change in the increase rate 
of such a mutant is measured by the thermodynamic 
quantity of biological activity proposed previously 
[24,25]. This formulation provides a possibility to explain 
the formation of translation apparatus in the self-
reproducing proto-cells of the RNA-protein world and the 
transition of the proto-cells to the DNA-RNA-protein 
world. 
 
 
 

Mathematical Formulation of Evolution 
and Innovation 

     In the population of unicellular organisms taking a 
common material and energy source M from the outside, 
the number nxi(t) of variants with the internal variable xi 

of genetic information carriers and their systematization 
generally obeys the following time change equation; 
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where the self-reproducing rate and the death rate of the 
variant xi are denoted by R(M;xi) and D(xi), respectively. 
The apparent decrease factor Qxi(t) for the self-
reproducing rate of variant xi means the mutation of 
variant xi to other kinds of variants and is related with the 
mutation terms qxj,xi(t)'s in the following way: 
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As indicated by Eigen [26], the behavior of such 
population becomes transparent by transforming Eq.(1) 
into two types of equations; one concerning the total 
number B(t) of all kinds of variants defined by 
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and another concerning the fraction fxi(t) of the variants xi 
defined by nxi(t)/B(t). By simple calculation, these 
equations are obtained from Eq. (1) to the following 
forms, respectively, using the relation (2). 
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where qxi,xi(t) is defined by Qxi(t) -1. The increase rate 
W(M;xi) of the variant xi and the average increase rate 
Wav(M;t) of all organisms in the population are defined by 
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and 
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respectively. 
 
     Darwinian evolution corresponds to the following 
approximate evaluation of Eq. (5) by only focusing on the 
first order of mutation term. If the increase rate W(M;xi) 
of an occasionally arisen mutant xi is larger than the 
average increase rate of the population, that is, W(M;xi) - 
Wav(M;t) > 0, the fraction fxi(t) of the variants xi increases 
with time, according to the first term on the right side of 
Eq. (5). This raises the average increase rate Wav(M;t), 
resulting in the increase in the total number B(t) of the 
organisms according to Eq. (4), although this increase is 
ultimately stopped by the decrease in available material 
and energy source M. On the other hand, the fraction fxi(t) 
decreases when W(M;xi) - Wav(M;t) < 0. Thus, the 
organisms taking a common material and energy source 
M are elaborated by mutation and selection, and most of 
them reach the ones xopt with the optimum increase rate. 
In such Darwinian evolution, the mutants are mostly due 
to the nucleotide base substitutions in an almost constant 
size of genome. It depends on the environment which 
variant is the most advantageous, and this evolution 
yields new species by the geographical isolation and/or 
climate change. 
 
     However, the organisms have sometimes experienced 
the more drastic change in genome as indicated in 
Introduction. By such drastic change, the mutants first 
decrease their increase rate, declining to the minor 
members in the population, but some of them recover the 
increase rate by Darwinian evolution under the 
reconstructed genome. For formulating mathematically 
such evolutionary process, the fraction of variants with 
the lower increase rate is considered more accurately 
after the organisms xopt become dominant. For this 
purpose, Eq. (5) will be formally integrated with respect 
to time t, i. e.,  
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     Among the fractions fxi(t)’s in this expression, we focus 
on the fraction fxi1(t) of the variants xi1, which have arisen 
from the dominant organisms xopt by a drastic change in 

genome. Then, the average increase rate );( MWav and 

)';( MWav are approximated to be W(M;xopt) and the 

fractions of other variants except for xopt are neglected on 

the right side of Eq. (8). The mutation terms )(,1 xoptxiq

are averaged over a sufficiently long time: 
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     This quantity is used as the mutation rate instead of the 
mutation term. In this large time scale, the fraction f(xi1)is 
present with the following relation to the fraction f(xopt) of 
dominant organisms as a stationary state. 
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     The fraction f(xi2) of the second step of variants xi2, 
which have experienced further genome change in the 
variants xi1, is also obtained from Eq. (8). By focusing on 

the mutation term of )(1,2 xixiq  of )(1 xif  on the right 

side of this equation, the fraction of f(xi2) of variants xi2 is 
also expressed as 
 

)(
);();(

);(
)( 1

2

11,2

2 i

iopt

ixixi

i xf
xMWxMW

xMRq
xf


  (10-2) 

 
By the repetition of the similar procedure, the fraction 
f(xin) of variants xin, which have experienced n steps of 
genome changes, is obtained as 
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     When a new style of organisms y appear from such 
minor members xin with the probability qy,xin by 
reconstructing the genome, the probability Pn(y<--xo) of 
transition from the original style of organisms xo to the 
new style of organisms y via n steps of genome changes is 
expressed as 
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(11) 

 
Here, xopt in Eqs. (10-1) ~ (10-n) is replaced by xo. 

 
     If the new style organisms y are elaborated to utilize 
the material and energy source M more efficiently by 
Darwinian evolution, they compel the original style 
organism xo to be extinct. If the new style organisms y 
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utilize a new material and energy source L other than M 
and/or move to a new area, on the contrary, they form a 
new population, where the fraction fyk(t) of variants yk 
obeys the following equation, apart from the population 
of original style organisms xi in Eq. (5). 
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Here, the average increase rate of new and original styles 
of organisms is defined by 
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The total number B(t) of organisms is re-defined as 
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and obeys the following equation. 
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     This divergence of new and original styles of organisms 
can occur without geographical isolation and/or climate 
change. The generation of the same style of new 
organisms y from the original style organisms x is ceased 
after the new style organisms y are established by 
Darwinian evolution. This is because the immature new 
style organisms y arising from the original style 
organisms x are compelled to be extinct by the struggle 
for existence with the new style organisms yopt 
established already. In the present paper, the above type 
of evolution, which cannot be attained only by Darwinian 
evolution, will be called innovation.  
 

Application to Four Examples of 
Innovation 

     In this application, the internal variables are specified 
before and after each innovation and the physiological 
problem resolved by this innovation is also pointed out. 
 

(i) Evolution of Prokaryotes by Gene 
Duplication 

     In the unicellular monoploid organism such as 
prokaryote, the internal variable xo corresponds to the 

DNA genome size No and the systematization SNo of its 
products [24,25]. The variants xin having experienced n 
steps of gene duplication first decrease their increase rate 
by the load of carrying such an expanded genome

NNNN no  ...........21 , while the 

systematization remains SNo. However, some of them 
recover their increase rate as a new style of organisms y 
by the increase in acquired energy under the advanced 

systematization nNNNNoS  .........21 of new genes 

generated from the counterparts of duplicated genes. In 
the prokaryotes, the gene duplication severely lowers the 
increase rate, and the evolution by gene duplication must 
have been taken place by the recurrence of the 
evolutionary process from Eq. (5) to Eq. (12) with the 

transition probability  0pn y x of relatively small 

number n. This is exemplified by the presence of 
eubacteria in the intermediate stages of evolution to the 
O2-respiration and O2-releasing photosynthesis, which 
have much influenced upon the recent evolution of 
eukaryotes. 
 
     According to the similarity search of amino acid 
sequences, some ubiquitous permeases show 
considerable similarities to the Sdh C and Sdh D chains of 
succinate oxidoreductase (complex II), Frd C and Frd D 
chains of quinol-fumarate reductase, cytochrome b's in 
cytochrome bc1 complex (complex III) and cytochrome b6f 
complex, the subunit of cytochrome c oxidase and the 
core proteins in the photoreaction centre, while the DNA 
associated proteins Rec A and Rho show much similarity 
to the mutually similar subunits forming the catalytic 
domain of ATP synthase [27,28].  
 
     From the degree of sequence similarity between these 
proteins and the reconstructed phylogeny of eubacteria 
carrying these proteins [18], the evolutionary steps of 
eubacteria to the O2-respiration can be traced; first, ATP 
synthesis utilizing the proton concentration difference 
across the cytoplasmic membrane, which is caused by the 
pumping out of protons coupled with the electron 
transport from NADH dehydrogenase (complex I) to 
complex II, thereby requiring the resolution of reactive 
oxygen species, as seen in anaerobic eubacteria, and then 
the appearance of bc1 complex and terminal oxidase to 
produce H2O molecule from protons, transported 
electrons and O2 molecules without the generation of 
reactive oxygen. 
 
     The photosynthetic system also seems to have started 
from the ATP synthesis. In the purple bacteria, the simple 
core protein consisting of mutually similar subunits L and 
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M functions as the proton pumping using the photon 
energy. The proton concentration difference thus 
produced across the membrane is used to synthesize ATP 
molecules by the ATP synthase very similar to the ATP 
synthase in the respiratory system. The electron released 
by the photolysis return to the core protein through 
quinones, cytochrome bf complex and cytochrome c. The 
cytochromes b and f are very similar to the cytochrome b 
in the complex III and cytochrome c1, respectively. The 
principal component analysis of amino acid residues 
suggests that the L and M subunit genes have evolved to 
the genes of D1 and D2 subunits of photosystem II and to 
the genes of A1 and A2 subunits of photosystem I in 
cyanobacteria by additional insertion of new domains 
[29]. 
 
     However, the excellent abilities of O2-respiration and 
O2-releasing photosynthesis cannot be fully displayed in 
the simple cell structure of eubacteria. In the O2-
respiration, the ATP synthesis is carried out by using the 
lower proton concentration in the cytoplasm. This is 
incompatible with the syntheses of other biomolecules 
using protons. Although the O2-releasing photosynthesis 
taken place in the thylakoid of cyanobacteria produces 
protons to synthesize the sugars by decomposing H2O 
molecules, the cyanobacteria also carry the O2-respiratory 
system in their cytoplasmic membrane. Thus, the genome 
of eubacteria with these abilities is also limited to the 
order of 106bp compactly encoding 3000 ~ 4000 genes, 
like other prokaryotes [30].  
 
     The evolution of chemical syntheses in other 
prokaryotes may also be traced along the line of gene 
duplication. 
 

(ii) Innovation of Eukaryotes by the 
Acquirement of Endosymbionts 

     When the ancestral eukaryote received O2-respiratory 
eubacteria as endosymbionts, the host cell would have its 
nutrients more or less stolen, and its increase rate must 
have been first decreased. The internal variable of host-
endosymbionts at this stage corresponds to xi1 in the 
formulation of the preceding section, while the internal 
variable of the ancestral eukaryote corresponds to xo. 
However, such a host cell is hopeful of utilizing the ATPs 
synthesized in the endosymbionts and the protons 
released from them. To realize this utilization and 
decrease the stolen nutrients, the host-endosymbionts 
must further experience at least following steps of 
variation; (a) the generation of new genes of proteins to 
transfer the ATP molecules from the endosymbiont to the 
cytoplasm of the host cell and the ADP molecules to the 

endosymbiont, (b) the transfer of most protein genes 
except for those participating in O2-respiration to the host 
genome, (c) deletion of transferred genes overlapping the 
host genes, and (d) putting the endosymbionts under the 
regulation and control of the host cell by accepting some 
of the protein genes for the transcription and replication 
of endosymbiont genome. The internal variables of host-
endosymbiont in these steps of variation correspond toxi2, 
xi3,........,xin, and the new style eukaryote having 
transformed the endosymbionts into the mitochondria 
appears with the probability of Eq. (11). The 
mitochondrion of the present-day eukaryote only carries 
67 kinds of genes at most [31]. By this innovation, the 
new style eukaryotes y become the recipients of favours 
of the O2-respiration performed by mitochondria, 
resolving the incompatibility of ATP synthesis with the 
synthesis of other biomolecules using protons, and 
compel the original style eukaryote x to be extinct. 
 
     When some of such new style eukaryotes further 
receives the cyanobacteria as endosymbionts, the 
increase rate of the host cell is first decreased, but is 
gradually recovered as the host genome acquires the 
protein genes for utilizing the synthesized sugars and 
most genes except for those participating in the 
photosynthesis are deleted in the endosymbiont genome. 
In particular, the electron transport system for O2-
respiration in cyanobacteria is completely deleted in the 
photosynthetic plastids. Thus, the photosynthetic plastid 
genome only encodes 209 proteins at most [31], although 
the gene transfer between mitochondria and 
photosynthetic plastids and that from the host to 
mitochondria are slightly detected [32]. This process of 
innovation is also expressed by the formulation in the 
preceding section with the transition probability of Eq. 
(11), if x and y are assigned to the internal variable of a 
eukaryote carrying the mitochondria and that of a 
eukaryote carrying both mitochondria and photosynthetic 
plastids, respectively. By this innovation, the eukaryotes y 
evolve as autotrophs, while the eukaryotes x continue to 
evolve as heterotrophs. 
 

(iii) Formation of translation apparatus and 
RNA genes of proteins 

     Although the RNA replicase has been proposed as the 
start of life [33], various organic compounds including 
nucleotides and amino acids would have been synthesized 
non-biologically when the RNA replicases lived. Some 
satellite variants of RNA replicases would have catalyzed 
the polymerization of amino acids as primitive ribosomal 
RNA (rRNA) and transfer RNA (tRNA) [23,34]. Even if 
several amino acids are only polymerized at this stage, the 
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random sequences of 20 kinds of amino acid residues 
amount to enormous kinds of polypeptide chains. When 
five amino acids are randomly polymerized, for example, 
205 kinds of polypeptide chains are yielded and they 
sufficiently cover the active centres of enzyme proteins in 
a free-living organism at the present time. By the catalytic 
actions of these polypeptides, therefore, it is plausible 
that primitive cells are formed and they self-reproduce by 
the spontaneous cell division due to the antagonistic 
balance of lipid synthetase and cell wall construction, i. e., 
matured cell wall elements are automatically transferred 
across the lipid bilayer to construct the cell wall covering 
the lipid vesicle [35-38]. The ancient origin of cell wall 
before the appearance of translation apparatus is 
suggested from the prokaryote where proteins catalyse 
the polymerization of L- and D-types of amino acids to 
form cell wall elements as a molecular fossil [39,40]. 
 
     The formation of self-reproducing cells is essential in 
producing the special arrangement of nucleotide bases for 
the translation apparatus and RNA genes of proteins [25], 
when the whole world is pointing toward disorder under 
the second law of thermodynamics. This is because the 
systematic force of selection acts on such self-reproducing 
cells. To illustrate a possible route of this innovation, the 
first formed proto-cells will be specified by xi's on their 
RNA contents. These cell contents would have changed 
upon their replication by the primitive RNA polymerase 
as well as RNA replicase activity, and most of them have 
been first elaborated to xopt by Darwinian evolution, 
especially with respect to the primitive tRNAs and rRNAs 
to catalyze the polymerization of amino acids carried by 
tRNAs.  
 
     However, this evolution also increases the 
concentration of primitive RNA polymerases and thus 
increases the concentration of non-functional RNAs as 
well as the primitive tRNAs and rRNAs. This yields the 
variant cells xi1, in which increased non-functional RNAs 
interfere with the primitive rRNAs and tRNAs. These 
variants cells decline to the minor members in the 
population and further experience at least following steps 
of variation until the appearance of translation 
apparatus. Generation of anticodons. A part of tRNA 
originally embracing the side chain of amino acid residue 
bounded by primitive aminoacyl-tRNA synthetase 
alternatively attaches to the non-functional RNAs, which 
become later the RNA genes of proteins.  Contact of 
such ancestral RNA genes with the second type of RNAs, 
which become later 30S initiation complex.  The 
interaction between the ancestral RNA genes carrying 
charged tRNAs and the primitive rRNA under the 
assistance of primitive initiation complex. (𝛿) The 

enlargement of the rRNA to form the A and P sites for the 
successive polymerization of amino acid residues carried 
by tRNAs aligned on ancestral RNA genes of proteins. 
 
     After the above series of variant cells xi1, xi2,.......,xin, a 
new style self-reproducing cells y, in which L-type of 
amino acids are polymerized dependently on the template 
of ancestral RNA gene, appear with the transition 
probability of Eq. (11). This mechanism of translation not 
only raises the rate of polymerizing amino acid residues 
but also directs the substituted bases in ancestral RNA 
genes so as to encode the proteins for raising the increase 
rate of cells by Darwinian evolution. This conversion of 
non-functional RNAs to the RNA genes of proteins would 
have taken place relatively faster, because the replication 
of RNAs by RNA polymerase is accompanied by more 
frequent nucleotide base substitutions than the 
replication of DNAs evolved afterwards. Thus, the new 
style cells yopt compel the proto-cells xo to be extinct. 
 

(iv) Innovation from the RNA-protein world to 
DNA-RNA-protein world 

     The deoxidization of RNAs would have then occurred in 
some of such self-reproducing cells that began the 
glycolysis but still lacked the electron transport system to 
pumping out the protons. In fact, the amino acid 
sequences showing the similarities to membrane 
synthetic proteins are concentrically found in the enzyme 
proteins acting in and around the glycolytic pathway [41]. 
The DNAs thus generated would have been first rubbish 
and decreased the increase rate of such variant cells. If the 
optimum RNA content of the self-reproducing cell with 
translation apparatus is rewritten into xopt, the internal 
variable of the variant cell suffering deoxidization 
corresponds to xi1.  
 
     For utilizing the DNAs as genes, the variant cells xi1 
must have experienced the succeeding steps of variation 
xi2, xi3,....,xin to induce the genes of proteins for the 
transcription and replication of DNAs as well as of 
auxiliary proteins for the unwinding of double-stranded 
DNAs from the RNA genes. Such induction is suggested 
from the fact that DNA-dependent DNA polymerases and 
RNA polymerases form a superfamily together with the 
RNA-dependent RNA polymerases in RNA viruses [42] 
and the DNA helicases show similarities to RNA helicases 
in super family II [43,44]. After the parallel usage of RNA 
genes and DNA genes, the decisive turning point for the 
variant cells xin to enter the DNA-RNA-protein world 
would have been the direct or indirect attachment of 
replicating DNAs to the cytoplasmic membrane. This 
mechanism not only makes the cell division mechanical 
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but also makes it possible for the replicated DNAs to be 
equi-partitioned into daughter cells. 
 
     In the case of direct attachment to the membrane, the 
DNA genes are gradually fused to a single circular 
molecule, leading to the appearance of ancestral 
prokaryote. On the other hand, the DNA genes in the 
ancestral eukaryote get together to the plural number of 
chromosomes and two sets of them arising from 
replication are equi-partitioned into daughter cells by the 
attachment of each chromosome to the membrane 
through contractive microtubules. In this innovation, the 
probability Pn(y <--xo) is divided into Pn(yp<-- xo) and 
Pn(ye<-- xo) where yp and ye denote the prokaryoytic style 
of DNA genome and the eukaryotic style of DNA genome, 
respectively. Accordingly, Eq. (12) of the fraction fyk(t) is 
also divided into the equation of the fraction fypk(t) and 
that of the fraction fyek(t). 
 
     On the basis of the stable genetic information carrier of 
DNA and under the regulation and control of 
deoxidization of nucleotides, the prokaryotes further 
evolve the O2-respiration and photosynthesis as well as 
various chemical syntheses as described in subsection (i), 
and the eukaryotes evolve the nuclear membrane, 
endocytosis and exocytosis, which become useful for the 
acceptance of mitochondria and photosynthetic plastids 
in subsections (ii). Meanwhile, the organic compounds 
synthesized non-biologically have been decreased, and 
the self-reproducing cells xo in the RNA-protein world 
would have turned their strategy to survive as RNA 
phages and viruses, under the codon usage established in 
subsection (iii). In this connection, it should be noted that 
the biological activity is degenerate, that is, almost the 
same strength of activity is attained either by the larger 
amount of acquired energy, larger stored energy and 
higher systematization or by smaller amount of acquired 
energy, smaller stored energy and lower systematization 
[25]. 
 
     Although the proteobacteria are proposed to be nearer 
to the eukaryotes from the protein clock [12,13,45], the 
more careful analyses on rRNAs indicate that the 
prokaryote and the eukaryote have first diverged and 
then the divergence of archaebacteria and eubacteria has 
occurred in the lineage of prokaryotes [14,46]. 
 

Conclusions and Discussion 

     Darwinian evolution is the fundamental process of 
evolution to raise the increase rate of an organism by 
selecting changed nucleotide bases, and also resolves the  

paradox of Maxwell's demon discussed in physics [25]. 
Moreover, the scaffold, under which Darwinian evolution 
takes place, has been sometimes changed during the long 
time of evolution. The organisms experiencing such a 
drastic change in the scaffold are first lowered in their 
increase rate and declined to the minor members in the 
population. As long as such variants retain the ability of 
self-reproduction, however, some of them recover the 
increase rate as a new style of organisms by Darwinian 
evolution under the new scaffold. Throughout such 
innovation, organisms have advanced their organization. 
Although this process of innovation is expressed by the 
transition probability in the present paper, the time 
course of this process can be also described as the 
solution of simultaneous equations such as Eq. (5) 
concerning the internal variables xi1, xi2,......,xin. Such 
description may become useful especially for the case (iii) 
of the preceding section, in the future when the self-
reproducing proto-cells are artificially reconstructed 
and/or the process of forming the translation apparatus is 
investigated by computer simulation.  
 
     The further innovation has occurred in the eukaryotes 
after the acquirement of the mitochondria. In particular, 
the transient conjugation of monoploid eukaryotes to 
exchange homologous chromosomes can accumulate 
multiple kinds of new genes generated from different 
origins of gene duplication [47]. This makes it possible for 
some of such eukaryotes to take the multicellularity and 
cell differentiation by the set of new genes for ligands, 
receptors, intracellular signal transduction and 
transcriptional regulators as well as the respective 
characters of differentiated cells, although other 
eukaryotes evolve intracellular organs in the unicellular 
form. Some of multicellular eukaryotes further innovate 
to take the diploid state, which elongates the duration 
time of enlarged genome of 108 bp or more against 
nucleotide base substitutions, through the intermediate 
stages of eukaryotes alternating the monoploid 
generation with the diploid one [48]. In the diploid 
eukaryotes, multiple kinds of new genes can be 
accumulated through the hybridization of variants having 
experienced different origins of gene duplication, and 
various combinational sets of new genes are yielded in 
the succeeding process to establish these genes 
homologously [49]. This explains the punctuated mode of 
explosive divergence of body plans in diploid eukaryotes, 
especially in animals. The mathematical formulation of 
such innovation from unicellular monoploid to 
multicellular diploid eukaryotes will be reported in the 
near future. 
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