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Abstract

The Gauss model for the time evolution of the first corona pandemic wave allows to draw conclusions on the amount of 
unreported cases per reported case, i.e., ”dark number” of infections, the amount of herd immunity, the used maximum capacity 
of breathing apparati and the effectiveness of various non-pharmaceutical interventions in different countries. In Germany, 
Switzerland, Sweden, and Austria the dark numbers are 8.4±4.0, 12.6±5.8, 21.8±9.1, and 8.5±5.2, respectively. Our method of 
estimating dark numbers from modeling both, infection and death rates simultaneously serves as important benchmark to 
judge on the completeness of testing large portions of the population. For countries that cannot afford the laborious, time-
consuming and costly testing our method still provides them with a reliable estimate of the fraction of infected persons. In 
Germany the total number of infected individuals, including the dark number of infections by the first wave is estimated to 
be 1.6±0.5 million, corresponding to 1.9±0.6 percent of the German population. We work out direct implications from these 
predictions for managing the 2nd and further corona waves. 
   
Keywords: Herd Immunity; Quarantine Factor; Daily Infections

Abbreviations: SIR: Susceptible-Infectious-Recovered/
Removed; GM: Gauss Model; NPIs: Non-Pharmaceutical 
Interventions; MP: Million People; CI: Case Isolation; CSI: 
Closure Of Nonessential Non-Food Shops and Industry.

Introduction

Nowadays, numerous models to predict the spread- ing 
of infectious diseases like Covid-19 are available, for example 
the actively discussed Susceptible-Infectious- Recovered/
Removed (SIR) model [1-5]. Many of these models are either 
toy models using families of functions [6-9], machine learning 
[10-12], neural network [13,14], transmission [15,16], 
growth [17], agent-based [18], or Bayesian regression 
models [19,20] or they are so complex [4,21], by taking into 
account a wide range of factors, that simple predictions are 

not possible [22,23]. The progression of the first Covid-19 
wave is different in the countries over the world. In some 
countries such as Austria, Switzer- land and Italy the peak 
infection and death rates have already occurred [24,25], 
whereas other countries such as Argentina, Bo- livia, Egypt, 
India, are still in the rising phase of the first wave [26].

Recently [27], we demonstrated that the proposed28 
Gaussian time (t) distribution functions for the daily fatalities 
d(t)
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provide a quantitatively correct description for the 
monitored rates in 25 different countries (more countries 
and federal states were subsequently investigated online 
[28] using real-time data). The Gauss model (GM) is one of 
the most prominent bell-shaped case distribution functions, 
originally advocated by Farr [29] to describe quantitatively 
the time evolution of virus diseases.

In the above equations (1) and (2), td,max and ti,max de-note 
the peak times of daily cases, dmax and imax the maximum daily 
values of deaths and infections, and wd and wi the half widths 
of the Gaussians. One has d(td,max + w) = d(td,max)/e0.368 
d(td,max), in particular, where e denotes Euler’s number.

While a more detailed model with more parameters and 
ingredients might be able to describe the time evolution of 
pandemics more accurately, the required information is not 
available at the beginning of emerging pandemics such as 
Covid-19. The necessarily sigmoidal shape of the number 
of fatalities can, in general, be captured by an exponential 
daily number of cases d(t), whose argument is a polynomial 
[27]. The coefficient of the highest order, necessarily even, 
polynomial term must be negative to ensure a sigmoidal 
shape. The GM represents the expansion to lowest order and 
is for this reason the model that can make extremely early 
predictions, especially about the time and amplitude of the 
peak values. These values are sufficient to estimate amounts 
of equipment during peak times, while the amplitude has 
usually a larger error bar and allows estimating, the later, the 
better, quarantine and related factors. The GM also results 
from an agent-based model, as long as the model conditions 
(social distancing etc.) remain unchanged [27]. More 
importantly, it is a special case of the SIR model, as recently 
shown by Barmparis and Tsironis [5].

The Gauss model (GM) is capable to reproduce reasonably 
well the monitored time evolution of the Covid-19 disease 
[5-7,26,27], and even more important to make realistic pre- 
dictions for the future evolution of the first wave in different 
countries. However, due to severe non-pharmaceutical 
interventions (NPIs) taken in almost all countries during 
the corona wave, the predicted final numbers of fatalities 
and infected persons sometimes disagree by about 50 
percent with the monitored numbers in countries where 
the first wave is al- most over. This should not be taken as 
an argument against the GM as its applications are based 
on the assumption that the NPIs are not changed during 
the whole course of the wave evolution. Therefore, the GM 
allows us already now to draw important clues from the first 
Covid-19 wave, which is the subject of this manuscript. To be 

specific, the GM allows estimating the number of unreported 
infections, the degree of herd immunity, the used maximum 
capacity of breathing apparati and the effectiveness of various 
non-pharmaceutical interventions in different countries. 
We work out direct implications from these predictions for 
managing the 2nd and further corona waves.

Methods

The GM is adjusted to reported data as follows. Equations 
(1) and (2) define the GM for the time evolution of daily cases, 
involving three parameters for both deaths and infections. 
These parameters are most conveniently obtained from 
reported numbers upon fitting the logarithms ln d(t) and ln 
i(t) to a simple polynomial of grade 2 in time, i.e.

ln d(t)=d0+d1t-d2t2,   (3)

where the three polynomial coefficients d0,1,2 are related to the 
parameters of the GM, because the logarithms of equations 
(1) and (2) are 2nd order polynomial as well. Comparing the 
coefficients, one obtains
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and similarly for the infections. In turn, we can solve the 
three equations (4) for the three unknowns of the GM. The 
parameters of the GM are then given by the fitted polynomial 
coefficients via
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While dmax and imax are daily rates, td,max, ti,max are dates, and wd, 
wi are durations, both dates and durations usually specified 
in units of days. From equations (1) and (2) one finds for 
the corresponding cumulative numbers of deaths D(t) and 
infections I(t)
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respectively, in terms of the error function, where
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denote the total number of deaths and infections, respectively. 
For the GM the total numbers at the end of a pandemic wave 
are thus proportional to the peak amplitude and peak width 
of the Gaussian.

From Dtot and Itot we obtain an estimate of the dark number of 
infections (number of unreported cases per reported case), 
if we introduce a fraction f of seriously sick out of all infected 
individuals (value for f specified later in this manuscript). 
Dividing Dtot by f we can then estimate total true (reported 
plus unreported) number of infected individuals as

true tot
tot

DI
f

=
  
 (8)

Consequently, the dark number of infections, i.e. the number 
of infected individuals unreported for each reported, is

true
tot

tot

1d
IN
I

= −      (9)

Throughout this manuscript we introduce placeholders 
marked by an asterisk, such as γ∗, α∗, that characterize a 
possible deviation between our working assumptions and 
reality. The marked quantities can all be set to unity or 
completely ignored during reading. If some of the numbers 
used in this study were to be replaced by more accurate 
numbers in the future, the present manuscript can still be 
used without change. This is so, because we introduced the 
marked quantities. They are unity if the present assumptions 

apply, and can be altered, leading to new numerical values, 
while the equations remain valid.

Results

In 14 countries the monitored death and infections 
rates were of sufficient quality by April 2 to determine via 
the procedure described in the previous system the values 
of the six coefficients in (3) with 95 percent confidence for 
each country in our recent work [27]. From these coefficients 
we readily inferred according to equation (5) the best values 
and their 95 percent confidence errors of the only three 
parameters (dmax,td,max, wd) and (imax,ti,max,wi) determining the 
Gauss functions (1) and (2). The mentioned work reported the 
respective death rate parameters (dmax,td,max,wd), determined 
on April 2, 2020 (results collected in the appendix), but 
omitted the corresponding values of the reported infections 
rate parameters (imax,ti,max,wi).

Here we update this statistical analysis of the GM with 
the available monitored data until May 19, 2020. Our best 
fits for selected countries Germany, Switzerland, Sweden and 
Austria are shown in Figure 1 for the daily infection and death 
rates and in Figure 2 for the cumulative number of infections 
and fatalities. Table 1 lists the resulting best fit values for 
the four countries. We include the fade out time T1% that had 
been defined in [27] as the date at which the number of daily 
infected people d will have reduced to the level of 1% of its 
maximum value, and the dark number of infections Nd. As 
visible from Figure 1, daily fatalities are better described by 
gaussians than the reported daily infections, while the true 
daily infections can be expected to share their overall shape 
with the daily fatalities. This feature directly takes over to 
Figure 2 via equation (6), and will be discussed further below.

Code wi ti,max imax/1000 Itot/1000 wd td,max dmax Dtot/1000 T1% Nd

DEU 19.7±0.1 Apr-11±2 5.0±1.3 173±30 18.0±0.1 Apr-19±2 255±80 8.2±2.5 23-May 8.4±4.0

CHE 19.5±0.1 Apr-06±2 0.8±0.2 28±7 18.9±0.1 Apr-13±2 56±16 1.9±0.4 18-May 12.6±5.8

SWE 27.5±0.2 Apr-22±3 0.7±0.2 34±8 19.0±0.1 Apr-19±2 115±27 3.9±0.7 20-Jun 21.8±9.1
SWEHopkins 26.9±0.2 Apr-23±3 0.7±0.2 34±9 20.5±0.2 Apr-25±4 100±50 3.8±1.8 20-Jun 20.8±15.3

AUT 21.5±0.2 Apr-07±4 0.4±0.2 13±3 18.1±0.1 Apr-13±3 20±7 0.6±0.2 23-May 8.5±5.2

Table 1: Best Gaussian fit parameters obtained as described in this work and their 95 percent confidence range: width wx (in 
days), peak time tx,max, and peak amplitude xmax, with x { , }d i∈ , calculated on May 19, 2020, for reported infected (x = i) and 
deceased (x = d) as well as the resulting estimates for total number of fatalities Dtot and infections Itot according to equation (6), 
dark number Nd of infections according to (11) with α∗ = γ∗ = 1, and fade-out time T1%. Data for Germany (DEU), Switzerland 
(CHE), Sweden (SWE) and Austria (AUT). Data for Sweden differs depending on the data source. While the first dataset is from 
the public health agency from Sweden [25], the 2nd was collected by the John Hopkins University [30].
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Figure 1: Reported daily infections (left) and daily deaths (right) in Germany (DEU), Switzerland (CHE), Sweden (SWE) (two 
different data sources as described in Table 1, and Austria (AUT) in comparison with the best fit from the GM Fit using data 
from May 19, 2020. The dashed vertical lines.

Figure 2: Cumulative number of reported infections (left) and cumulative number of deaths (right) in Germany (DEU), 
Switzerland (CHE), Sweden (SWE), and Austria (AUT) in comparison with the best fit from the GM. Fit from May 19, 2020. The 
dashed vertical lines indicate the peak times. As we know from Figure 1, cumulative reported infections must not be captured 
by the GM, as they do not coincide with the truly infected individuals.
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Relationship between Parameters of the GM

We notice first that the reported Gaussian widths 
parameters wi for the infections and wd are of comparable and 
al- most equal value. The corresponding times of maximum 
are shifted to each other with td,max = ti,max + τ , where the 
delay peak time of deaths with respect to the peak time of 
infections τ ∈ [6, 8] days.

Dark Number of Infections

With the GM parameters at hand, the estimated total 
number of cases corresponding to the area under the curves 
shown in Figure 1, are available from equation (7). From the 
inferred values of Dtot and Itot we obtain an estimate of the 
unreported ”dark” number of infections via equations (8) and 
(9) with the following argument: Let γ = 0.5γ∗ be the fraction 
of seriously sick individuals in the hospital, estimated to α∗ 
percent of all infected people (typically α∗ = 1), who die from 
Covid-19. We use and carry on α∗ and γ∗ here and throughout 
this manuscript to understand how a departure of γ∗ and 
α∗ from unity would affect the conclusions. Both γ∗ and α∗ 
can be considered unity and erased from all equations, if 
the present estimates remain valid [31]. The fatality rate 
can be smaller: the recent Gangelt study [31] suggests γ = 
0.37 (corresponding to γ∗ = 0.74) with a rather significant 
error. Dividing Dtot by the fraction f of seriously sick out of 
all infected people, where f = 0.01γα∗ = 5 10−3γ∗α∗, we can 
estimate the total true (reported plus unreported) number 
of infected individuals according to equation (8) as

true tot
tot

* *

200DI
γ α

=  (10)

Consequently, the dark number of infections (9), i.e. the 
number of infected individuals unreported for each reported, 
is

tot

* * tot

200 1d
DN
Iγ α

= −  (11)

The last column of Table 1 lists the resulting dark numbers in 
the four countries.

Herd Immunity

After inserting the estimated number of Dtot for a specific 
country we obtain the total true number of infected people, 
relevant to rate the degree of herd immunity or “indirect 
protection” [32], according to equation (8). In Germany with 
Dtot/MP = 8150±2500 per million people (MP) from Tabele 1 
we obtain

( )true
tot,Germany

* *

1.6 0.5
I

γ α
±

=
 
million people, (12)

which includes the dark number of infections. The 
corresponding values for the other countries are 0.37±0.08 
(CHE), 0.76 ± 0.14 (SWE), 0.13 ± 0.04 (AUT) million people.

Breathing Apparati Capacity in Germany

With the estimated total death toll Dtot/MP per million 
people (MP) we calculate the total number of seriously sick 
people from the true number of infected individuals Itrue by 
making use of the relationship (7) between daily and total 
number of cases. We thus infer for the maximum number of 
seriously sick individuals per day (NSSPs) and per million 
people

tot
S

*

2
NSSP MP

MP d

D

wπ γ
=  (13)

The resulting numerical values are available from Tabele 
1 and discussed below.

Quarantine Factor

In the earlier analysis [28] the quarantine factor q≤1 
had been introduced to account for the non-pharmaceutical 
interventions (NPIs), i.e. political actions and social 
measures in order to reduce the number of infections, such as 
quarantining of elder and infected people, social distancing 
actions, mask obligations as well as the closure of schools and 
daycare facilities. If none of these actions are applied then q = 
1 and the canonical fraction 2/3~0.67 of the total population 
is infected. Scaling the total population in units of MP we then 
note that 0.67q MP are infected during the whole duration of 
the first wave. With the already mentioned fatality rate 0.5γ∗ 
and the percentage α∗ = 1 of NSSPs the expected upper limit 
of the total number of fatalities per million people is given by

tot,limit 5
* * * *0.5 0.01 .6.7 10 3333

D
q q

MP
γ α γ α= =  (14)

where [ ]0,1q∈ is the quarantine factor to be evaluated 
below using (14), and we are going to use γ∗= α∗= 1 as 
mentioned already

Discussion

Relationship between Parameters of the GM

The delay peak time of deaths with respect to the peak 
time of infections τ∈[6, 8] days is in agreement with earlier 
estimates [27]. An exception is the first dataset for Sweden, 
for which both peak times are identical within errors. A delay 
τ close to 7 days is perfectly compatible with the mean value 
of the gamma-shaped serial interval distribution in use to 
define and calculate reproduction factors [33-37].
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Dark Number of Infections

The dark number of infections Nd we reported for 
selected countries in Table 1. For Germany we obtain Nd = 8.4 
4.0. Hence, up to one of about 10 infected people had been 
recognized as being infected by testing. Despite the partially 
large 95-percent confidence errors also for other countries, 
which were however of similar magnitude when we 
performed the analysis one month ago, these determinations 
of the dark numbers in different countries by using the 
modeled infection and death rates is a strong advantage of the 
Gauss model. If this method is applied it serves as important 
benchmark to judge on the completeness of testing large 
portions of the population. For countries that cannot afford 
the laborious, time- consuming and costly testing our method 
still provides them with a reliable estimate of the fraction of 
infected persons.

Herd Immunity

The total true number of infected people, which we obtained 
by way of equation (8), allows us clues on the amount of herd 
immunity from the first wave. The estimate (12) implies that 
only 1.9 0.6 percent of the German population (P = 83 million 
people) will be infected in total by the first pandemic wave, 
leaving more than 98 percent of the German population to 
be potentially infected by the second and future pandemic 
waves. If these future waves infect a similar percentage of the 
population under the same strict social distancing measures, 
we expect more than 20 waves to occur over the next years 
until 2/3 of the total population in Germany are immunized, 
unless an efficient anti-Covid-19 vaccine is available soon. 
This is a frightening prospect, and optimized strategies 
for the man ageing of future pandemic waves have to be 
developed urgently. We address this further below more 

quantitatively.

Breathing Apparati Capacity in Germany

With the estimated total death toll in Germany of Dtot/
MP= (8150± 2500)/83 = 98± 30 per million people (MP) 
we calculate the total number of seriously sick individuals by 
dividing by the fatality rate γ = 0.5γ∗ to obtain (196± 60)/γ∗ 
per million people. According to the equation (7) with wd = 
18.0± 0.1 we then find for the maximum number of seriously 
sick individuals per day (NSSPs) per million people

( )S

**

196 60NSSP 6.1 1.9
MP dw γπ γ

± ±
= = (15)

On the other hand in Germany currently there are 
approximately 40000 breathing apparati in total available, 
corresponding with P = 83 MP to 482/MP. With a typical 
breathing time of 10w∗ days or less (where in accord with our 
notation, w∗ is a number of order unity), German hospitals 
have the capacity of handling 48w∗

−1/MP NSSPs at the peak 
time of the first wave, which is more than a factor 7 greater 
than the maximum value (15). Fortunately, only about 19 
percent [24] of the German breathing apparati capacity had 
to be used to treat the maximum number of NSSPs during the 
peak day of the first wave.

Quarantine Factor

By equating the expected limiting value (14) of total 
fatalities with the GM predictions for Dtot for different 
countries we obtain an estimate of the corresponding values 
of the quarantine factor. For the standard values γ∗ = 1 and 
α∗ = 1 we obtain the quarantine factors given by Table 2. For 
Sweden we thus find a significantly higher value.

Country Code P Dtot/MP q
Germany DEU 83 98 ± 30 (2.9 ± 0.9)×10−2

Switzerland CHE 8.5 200 ± 40 (6.0 ± 1.2)×10−2

Sweden SWE 10.5 370 ± 70 (11.1 ± 2.1)×10−2

Austria AUT 8.7 69 ± 23 (2.1 ± 0.7)×10−2

Table 2: Quarantine factors q for countries considered in this work.

The influential Imperial College study [38] has listed the 
following five possible non-pharmaceutical interventions 
(NPIs) determining the quarantine factor: (1) CI: Case 
isolation in the home, (2) HQ: Voluntary home quarantine, 
(3) SDO: Social distancing of those over 70 years of age, (4) 
SD: Social distancing of entire population, and (5) PC: Closure 
of schools and universities. Based on the drastic measures 
taken in Germany and Switzerland we like to add as sixth 
NPI the closure of nonessential non-food shops and industry 

(CSI) imposed strictly in Austria, Germany and Switzerland 
[38].

These NPIs have been differently applied in the above 4 
countries which have a comparable ethnic composition and 
standard of living: whereas Austria and Germany had been 
very strict, Switzerland didn’t apply SDO, SD, and PC strictly, 
Sweden has only applied CI, closure of universities and a mild 
form of SD. Therefore we are able to weight two combinations 
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of the six NPIs actions with a quantitative number r, where

(16)

The quarantine factor is then given approximately by the 
reciprocal sum 

 (17)

While Austria and Germany have strictly applied all six 
NPIs, Switzerland has applied them in a less strict fashion, 
Sweden only applied three of them.

If hypothetically Germany, during the next waves, would 
only apply the mild NPIs Sweden has chosen for the first 
wave, the resulting quarantine factor would be q2 = 0.1. With 
this value the expected total number of fatalities from the 
2nd wave is

,2 5
* * 2 * *0.5 0.01 .6.7 10 333tot ndD

q
MP

γ α γ α= =
 
(18)

As in equation (15) we then find for the maximum number 
of seriously sick persons per day (NSSPs) per million people
 during the second wave

S * *
*

*

NSSP 333 14.3 ,
MP dw

γ α α
π γ

= =  (19)

which German hospitals can handle even with the presently 
available capacity to treat up to 48w−1/MP NSSPs. At 
unchanged q, the ratio NSSPs/MP is going to drop during 
subsequent waves, as the number of immune people will 
grow with each wave.

The limited breathing apparati capacity at least in 
Germany is no good justification to apply the additional strict 
NPIs, i.e. voluntary home quarantine, closure of schools and 
universities as well as the closure of nonessential non-food 
shops and industry (CSI), also to the second and future waves.

Summary and Conclusion

Based on the lessons learned from the first wave of 
the Covid-19 pandemic disease and their analysis with the 
Gauss model we suggest the following recommendations for 
handling the 2nd and further waves.

The fraction of the total population P that has developed 
antibodies during the first wave is given by true

totalI
P

. So for 
Germany with P≈83 million inhabitants, as noted, only 
approximately 1.9±0.6% will have developed antibodies. In 
the light of this small percentage, or the small herd immunity, 
first there is no compelling reason to wait for the first wave 

to terminate completely. We could start continuing our daily 
lives at an- other level of social distancing immediately. Or as 
soon as sufficient amounts of masks will be available. Masks 
must not be perfect. Masks from linen that can be washed, 
and do not pollute our environment further, should be a 
preferred option. Any day ending the economical lockdown 
earlier is worth a thought: it would reduce the currently 
planned extremely high level of public indebtedness 
significantly, lower the risk of inflation, and save the public 
enormous amounts of financial resources that could be 
better used in improving the public health system to cope 
with the unavoidable 2nd and later pandemic waves.

Secondly, the 2nd and future waves could be handled 
with the mild NPIs that Sweden has so far applied during 
the first wave: case isolation in the home and a mild form 
of social distancing. Social distancing will be the main 
non- pharmaceutical intervention for the majority of the 
population. This will not seriously affect the daily lifes of 
most of the populations and avoid dramatic economical 
consequences. These mild NPIS should be simultaneously 
accompanied by the running analysis with the Gauss 
model that provides reliable predictions for several future 
weeks for the effectiveness of the taken measures, and if 
necessary allows implementing in due time stricter social 
interventions. The swedish approach with mild NPIs is not 
without risk: it definitely has led to a significantly higher 
death rate than in other neighboring countries. If no effective 
vaccination against Covid-19 is available in the next several 
years their higher herd immunity from the first wave might 
be an advantage in the long run. If an effective vaccination 
is available soon the swedish approach does not have to be 
copied by other countries.

Third, the strict and months-long lock-down seems 
to reflect the hope that the pandemic can be completely 
stopped. This appears very questionable. In view of the 
about 98% of the population for which the 2nd wave is 
basically identical with the 1st wave, and if we proceed with 
the current strategy, many complete lock-downs featuring 
unused capacities will follow. If such lock-downs are not 
planned, there is or was no reason to keep the present one for 
an extended period. A sufficient amount of social distancing 
can be applied immediately, also without masks and gloves. 
All it requires is inhabitants to overtake responsibility, and to 
change our daily lives.

As a final remark we mention that from the about 
930000 people who died 2017 in Germany, about 344000 
died from sometimes stress-related heart diseases (this 
annual number exceeds the total number of fatalities caused 
by Covid-19 without non-pharmaceutical interventions, 
as long as hospitals are not overloaded) about 25000 died 
in the 2018/2019 season from influenza [24]. The number 
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of fatalities caused by car accidents decreased from about 
20000 per annum in 1970 down to 3000 in 2019. On one 
hand a complete shutdown could therefore be considered to 
prevent fatalities in every year, on the other does it remains 
unclear yet, if there won’t be any socioeconomic or health-
related issues that diminish the efforts.
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