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Abstract

In this article we have studied the linear and nonlinear properties of plasma waves using a one-dimensional quantum 
hydrodynamic (QHD) model specifically designed for quantum plasma with electron acoustic waves (EAWs). In particular, 
we use the standard reductive perturbation method to investigate the solitary structures resulting from nonlinearity. We use 
this method to derive and numerically analyze the Kortewegde Vries (KdV) equation relevant to the plasma system as well as 
the dispersion relation. Furthermore, in order to shed light on the dynamics of plasma waves under external influences, we 
investigate the temporal evolution of a forced KdV equation.
PACS-52.20.j; 52.25.b; 52.30.d; 52.35.Mw; 52.65.Vv.
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Abbreviations: EASWs: Electron Acoustic Solitary 
Waves; PIC: Particle-in-cell; QHD: Quantum Hydrodynamic.

Introduction

Electron acoustic waves (EAWs) are one of the fundamental 
modes in plasma physics, crucial for understanding the 

collective behavior of electrons in plasmas. In recent years, 
the study of EAWs in quantum plasmas, where quantum 
effects significantly influence the plasma dynamics, has gained 
prominence. Moreover, the presence of two-temperature 
electrons adds another layer of complexity to the system, 
necessitating a thorough investigation of electron acoustic 
solitary waves (EASWs) in such environments.
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Theoretical Frameworks

Theoretical studies on EASWs in un-magnetized 
quantum plasmas with two-temperature electrons have 
primarily focused on the development of nonlinear fluid 
models. These models incorporate quantum hydrodynamic 
equations coupled with temperature imbalances between 
the electron populations. 

Analytical methods such as the reductive perturbation 
technique, Kadomtsev-Petviashvili (KP) equation, and 
Sagdeev pseudopotential approach have been employed 
to analyze the formation and propagation characteristics 
of EASWs. Additionally, quantum kinetic theory has been 
utilized to investigate the dispersion properties and stability 
of EASWs in these complex plasma systems.

Numerical Simulations

Numerical simulations play a crucial role in exploring 
the nonlinear dynamics of EASWs in un-magnetized 
quantum plasmas with two-temperature electrons. Particle-
in-cell (PIC) simulations and fluid simulations have been 
employed to study the evolution of EASWs under various 
parameter regimes. These simulations provide insights 
into the generation mechanisms, nonlinear interactions, 
and stability properties of EASWs, elucidating their role in 
different physical scenarios.

Experimental Observations

Experimental investigations of EASWs in laboratory 
plasmas have been challenging but not entirely absent. 
Experiments conducted in laboratory setups, such as 
electron positron plasmas and ultra-cold neutral plasmas, 
have provided valuable insights into the existence and 
properties of EASWs. However, further experimental 
validation is necessary to corroborate theoretical predictions 
and numerical simulations.

Challenges and Future Directions

Despite significant progress, several challenges remain 
in the study of EASWs in un-magnetized quantum plasmas 
containing two-temperature electrons. These challenges 
include incorporating more realistic effects such as collisions, 
quantum degeneracy, and nonlocality into theoretical models 
and simulations. 

Furthermore, experimental techniques need to be 
refined to accurately observe and characterize EASWs in 
laboratory settings. Future research directions may involve 
exploring novel quantum phenomena, such as quantum 

turbulence and quantum vortices, in the context of EASWs.

In summary, the literature on electron acoustic solitary 
waves in un-magnetized quantum plasmas containing two 
temperature electrons reflects a vibrant field of research at 
the intersection of plasma physics and quantum mechanics. 
Theoretical, numerical, and experimental studies have 
contributed to our understanding of the nonlinear dynamics 
and collective behavior of electrons in these exotic plasma 
environments [1-37]. Continued interdisciplinary efforts are 
essential to unraveling the full range of phenomena associated 
with EASWs and their implications for astrophysical and 
laboratory plasmas [38-50]. We have conducted a thorough 
investigation into the properties of electron acoustic waves 
(EAWs) within a quantum plasma containing two distinct 
groups of electrons with different temperatures. Our focus 
lies on examining the interplay of two critical aspects of 
plasma physics: the presence of two temperature electron 
populations and the influence of quantum effects. In 
plasmas with two different electron groups, EAWs emerge 
as high-frequency electrostatic modes, wherein the inertia 
is provided by cold electrons, while the restoring force is 
a result of the pressure from hot electrons. These waves 
exhibit phase velocities lying between the thermal velocities 
of cold and hot electrons [51].

This study aims to comprehensively explore one-
dimensional nonlinear electron-acoustic waves in a 
dense, unmagnetized quantum plasma composed of three 
components: two distinct electron groups and stationary 
ions. In such plasma environments, nonlinear effects play a 
pivotal role, giving rise to various phenomena like stationary 
formations such as double layers, shocks, and solitary 
structures, among others. Among these structures, solitary 
formations, often referred to as nonlinear Korteweg-de Vries 
(KdV) solitons, are extensively investigated [52-54]. These 
solitons arise due to a delicate balance between nonlinear 
and dispersive effects, maintaining their shape as they 
propagate through space at a constant velocity.

The amplitude and width of these solitons serve as 
indicators of the interplay between nonlinear and dispersive 
factors. In practical scenarios, these solitary structures 
undergo temporal evolution when subjected to external 
time-dependent forces. Such external forces may either 
facilitate the formation or diminish the presence of these 
solitons. Previous studies have examined the behavior of 
forced KdV solitons under specific configurations. We also 
intend to investigate the impact of external periodic forces on 
KdV solitons. Considering the sinusoidal nature of nonlinear 
interactions in complex plasma systems, the external force is 
assumed to be periodic in our analysis.
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 Basic Equations

We investigate the behavior of electron acoustic waves 
within a complex plasma environment composed of three 
distinct components: cold electrons, hot electrons, and 
stationary ions, all within an unmagnetized quantum 
plasma framework. Cold electrons possess inertia, while hot 
electrons are considered inertia-less, and ions provide the 
charge-neutralizing background. We make the assumption 
that the frequency of the waves significantly surpasses the 
ion plasma frequency, and the phase velocity of the waves 
falls between the Fermi thermal velocities of the cold and 
hot electron populations. This is a fact based on the inertia of 
different species under considerations. This setup allows us 
to explore the unique dynamics arising from the interaction 
between these components, shedding light on the complex 
interplay of quantum effects and plasma physics phenomena. 
(i.e Fec FehV V

k
ω
<<<< ). We assume that the plasma particles 

behave like a one dimensional Fermi gas at absolute zero 
temperature and therefore the pressure law is [52].
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where j=h for hot electron, j=c for cold electron and j=i for 
ions, mj is the mass, 2 /Fj B Fj jV k T m=  is the Fermi thermal 
speed, FjT  is the Fermi temperature and Bk  is the Boltzmann’s 
constant. jn  is the number density with the equilibrium 
value . The dynamics of such a plasma is governed by the 
following quantum hydrodynamic equations:
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Where ,h cu u  and hn , cn  are respectively the fluid 
velocity, charge density corresponding to the hot and cold 
electrons and hP  is pressure,   is the Planck’s constant 
divided by 2π  and φ  is the electrostatic wave potential. We 

now introduce the following normalisation,

0/ ; ; / 2 ; /c s c B Fe j j jx x c t t e k T n n nω ω φ φ→ → → →  and 

/j j su u c→

where 2
04 /c c en e mω π= the cold electron plasma 

oscillation frequency, 2 /s B Fe ec k T m= is the electron-
acoustic speed.
Using the above normalisation equations (2)-(6) can be 
written as:
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where / 2c B FeH k Tω=   is a non-dimensional [51] quantum 
diffraction parameter, 0 0/c hn nδ =  and 

1 0 0/ ;i hZin nδ = 0cn , 0hn , 0in  are the equilibrium number 
densities of cold and hot electrons and ions respectively. The 
parameter H is proportional to the ratio between the plasma 
energy cω  (energy of an elementary excitation associated 
with an electron plasma wave) and the Fermi energy B Fek T .

Analytical Studies on Linear and Nonlinear 
Behavior

Dispersion Relation: In order to investigate the nonlinear 
behaviour of electron-acoustic waves we make the following 
perturbation expansion for the field quantities , , ,h h c cn u n u  
and about their equilibrium values:
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Figure 1: Dispersion curve for different values of δ  , H= 
1.5 (axes are in normalized units).

Figure 2: Dispersion relation for different values of 
quantum diffraction parameter H with δ  = 0.3 (axes are 
in normalized units).

Substituting the expansion (12) in Eqs. (7)-(11) and then 
linearizing and assuming that all the field quantities vary as 
exp ( )i kx tω−  , we get for normalized wave frequency ω and 
wave number k, the following linear dispersion relation: 
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The normalized wave dispersion relation (13) is plotted 
in Figure 1 for different values of quantum diffraction H. It 
shows that the wave frequency increases with increase in 
quantum diffraction H for a given wavenumber k for a range.

Kdv Equation and Solitary Wave Behavior

In order to study the nonlinear behaviour of electron 
acoustic waves we consider inertia less hot electrons, inertial 

cold electrons and stationary ions. The pressure effect is 
assumed to be only due to the hot electrons. This kind of 
assumption has been made by many previous authors [55-
58]. Following the standard reductive perturbation technique 
we use the usual stretching of the space and time variables:

   ( )
1 3
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                                        (14)

Now writing the Equations (7)–(11) in terms of 
these stretched co-ordinates ξ  and τ  and then applying 
the perturbation expansion eq.(12) and solving for the 
lowest order equation with the boundary condition so that 
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where, 1 0 0( )R v u= −
Going for the next higher order terms in ξ  and following 
the usual method we obtain the desired Korteweg-de Vries 
(KdV) equation by substituting (1)φ by φ  we get,
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Here Eq. (16) is our required KdV equation; N and D are 
the non-linear and dispersive co-efficient respectively. To 
find the solution of Eq. (16) we transform the independent 
variables ξ  and τ  into one variable Mη ξ τ= − , where M is 
the normalized constant speed of the wave frame. Applying 
the boundary conditions that as η → ±∞

2

20; 0; 0φ φφ
η η
∂ ∂
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 the possible stationary solution of 

Eq. (16) is obtained as:

   2sechm
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Where the amplitude mφ  and width δ  of the soliton are 
given by: 

3 4&m
M B
N M

φ = ∆ =
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Figure 3: Electron-acoustic solitary profile for different 
values of 0u (axes are in normalized units).

 

Figure 4: Electron-acoustic solitary profile for different 
values of H (axes are in normalized units).

The solitary wave structure is formed due to balance 
between dispersive and nonlinear terms. The coefficients N 
and D, play a crucial role in determining the solitary wave 
structure. Also the nature and magnitude of the coefficients 
of these two terms mainly determine the characteristic 
of such soliton structure. So we study the dependency of 
Non-linear and Dispersive coefficients on different physical 
plasma parameters. The quantum effect enters only into the 
dispersion coefficient (D). Both these coefficients depend on 
δ  , the equilibrium cold-to-hot electron concentration ratio. 
We see that while the coefficient D depends both on and 
quantum parameter H, the coefficient N depends only on δ .

Effect of an External Force on KdV Solitonic 
Behavior

From external effects the solitary structure will surely 
experience these forces, or the plasma particles will 
experience their forces individually. Now, let us suppose 
that some periodic forces applied on the system; the KdV 
equation describing the potential profile under the action of 
such a force will look like,
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Here the forced KdV eq. as a charge density force has 
been solved by Ali, et al. [56]. By using Hirota’s direct method 
and following the technique of Jun-Xiao and Bo-Ling [57], we 
have obtained the forcing term in the KdV equation itself. The 
amplitude of the forcing term 0f  in Eq. (18) is proportional to 
external disturbances. If 0 0f = , then Eq. (17) is the solution 
to forced-KdV, which is basically a simple KdV equation. In 
order to investigate the effect of the periodic force 0

if e ωτ  on 
the solitary wave solution, Eq. (17), we apply the momentum 
conservation law. In presence of the small forcing term 0

if e ωτ

, we obtain
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Differentiating Eq. (19) with respect to , using the 
integration in Eqs. (20) And (21) again, and equating the real 
terms, we get,
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Then the solution of the required forced KdV will be,
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Where,
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The dependence of the amplitude and the width of the 
forced KdV on time are shown in these eq. (24).

Figure 5: The variation of amplitude of solitary profile 
under the effect of both external force amplitude and time 
(axes are in normalized units).
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Figure 6: Solitary profile under the effect of amplitude of 
external force (axes are in normalized units).

Results and Discussions

Figure 1 represents the long wave dispersion character 
of EAWs in a quantum plasma composed of inertia less 
hot electrons, inertial cold electrons and stationary ions. 
We numerically examine the behaviour of the dispersion 
relation (eq.13) with respect to the variations of 0u , δ  and 
H. Figure 1 shows the kω −  curves for different values of H 
and δ  respectively. Obviously, the wave frequency ω  also 
increases with increase in both δ  and H. We showed that the 
wave frequency ω  increases with an increase in the value of 

0u  but after “1” it starts to decrease. 

For this purpose, we have chosen some typical plasma 
parameters from high-density astrophysical situations (like 
the atmosphere of neutron stars, magnetars, white dwarf, 
etc.), where plasma densities are nearly 25 32 310 10 m−−  and 
temperatures are nearly 5 710 10− K. We have also considered 
the variation of thermal stability under convection in a time 
scale less than the relaxation time that modifies the frequency 
of the plasma [59-61]. Given the pivotal role of coefficients N 
and D in shaping the characteristics of electron acoustic (EA) 
solitons, it is illuminating to explore how these coefficients 
vary with the quantum parameter H. Employing the one-
dimensional quantum hydrodynamic model alongside the 
standard reductive perturbation technique, we delve into 
both the linear and nonlinear properties of electron-acoustic 
waves. Through this investigation, a Korteweg-de Vries 
(KdV) equation is derived to examine the nonlinear behavior 
of the waves, revealing modifications in the coefficients of 
the nonlinear and dispersive terms attributable to quantum 
effects.

The amplitude and width of the soliton structure exhibit 
dependence on various plasma parameters, including H, 
streaming velocity, and delta. While the amplitude remains 
time-independent, the width increases with escalating values 
of H. Likewise, both the amplitude and width of the soliton 
structure increase with higher streaming velocity and delta. 

In the presence of an external force, the soliton structure 
manifests both rarefactive and compressive solitons. Our 
findings indicate a decrease in amplitude with an increase in 
the amplitude of the external force. Conversely, the amplitude 
exhibits an upward trend with growing plasma parameters 
and “M,” representing the velocity of the wave frame. 

Furthermore, elevating the frequency of the external 
force initiates a decline in the soliton’s amplitude. These 
observations elucidate the intricate interplay between 
external perturbations, plasma parameters, and the dynamic 
characteristics of EA solitons, offering valuable insights into 
their behavior in quantum plasma systems.

Conclusions

To conclude the article let us summarize in the following 
way as:
• The discussion focuses on the linear and nonlinear 

propagation characteristics of electron acoustic waves 
in dense plasma.

• Specifically, the plasma under consideration consists of 
two distinct groups of electrons and stationary ions.

• It is highlighted that the plasma can only support 
rarefactive solitary waves within certain restricted 
regions of plasma parameter space.

• The properties of these solitons are found to be 
dependent on several factors including the equilibrium 
hot to cold electron density ratio and the quantum 
diffraction parameter H.

• The study aims to enhance understanding of electron 
acoustic waves in super dense astrophysical objects such 
as white dwarfs and neutron stars.

• The investigation extends to the influence of external 
forces on solitary structures.

• Time evolution of solitary structures under external force 
fields is studied, and the impact of various parameters 
on this evolution is explored.

• The derivation of the Korteweg-de Vries (KdV) equation 
is achieved using a standard reductive perturbation 
technique.

• Integration and conservation of physical quantities such 
as momentum lead to the determination of a solitary 
profile characterized by time-dependent amplitude, 
width, and wave speed.
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