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Abstract 

This paper critically reviews empirical models, which predict head of two-phase petroleum fluids in electrical 

submersible pumps. The article categorises empirical models in terms of mathematical structure and parameter 

identification algorithm. Categories are heuristic and artificial intelligence models. Models of the former category have 

fairly low accuracy and 4 or fewer parameters identifiable using non-iterative methods; conversely, models the of latter 

category have high accuracy and tens or even hundreds of parameters. These models require complex iterative 

identification algorithms. Due to availability of inexpensive digital processors, use of accurate artificial intelligence 

models is anticipated to broaden.  
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Introduction 

     Electrical Submersible Pumps (ESP) are commonly 
used in downhole operations for a wide range of flow 
rates [1]. These pumps are known as effective and 
economical devices to lift large volume of fluid under 
different well conditions [2]. However, use of over- or 
under-size ESPs lead to premature equipment failure or 
low petroleum fluid recovery, respectively [3]. As a result, 
size selection of ESPs is a crucial task. In the case that 
liquid is pumped, suitability of ESP size is assessed using 
manufacturer curves, which depict head versus flow rate. 
Such curves, however, are inapplicable, when an ESP 

pumps two-phase petroleum fluid with high gas content. 
The alternative is to develop models predicting head of 
two-phase fluids in ESPs based on related variables. These 
models are called ‘head predicting’ models and have been 
investigated since 1980’s [4]. In addition to head-
predicting, some other models have also been developed 
for side purposes e.g. to determine flow pattern, gas 
bubble size or in-situ gas volume fraction in ESPs; such 
models are outside the scope of this paper [5-7]. 
 
     Three main approaches have been employed to 
develop head-predicting models for two-phase petroleum 
fluids in ESPs: Analytical, Numerical and Empirical. The 
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basis of analytical (also known as mechanistic) and 
numerical approaches is to solve conservation equations. 
Solution of these equations demand availability of closure 
relationships to estimate bubble size, drag force 
coefficient, in-situ gas void fractions, friction factors etc 
[8]. Moreover, analytical models largely trust unrealistic 
assumptions and/or oversimplification of complex 
physics of two-phase flows within the ESP [4,5,9-11]. 
Numerical models also have their own peculiar weak 
points; they are formulated based on one-dimensional 
two-fluid conservations of mass and momentum along 
streamlines and require the prediction of surging 
initiation [12]. Therefore, analytical and numerical 
models (except for oversimplified homogenous model [3]) 
are yet to be practically used, and empirical models are 
widely trusted alternatively [13,14].This paper 
particularly addresses empirical models. 
 

Overview of Empirical Models  

     Empirical models can be categorised in two groups: (i) 
Heuristic models and (ii) Artificial Intelligence (AI) 
models. Each has specifications in terms of mathematical 
structure and parameter identification. In this paper, 
models developed for two-phase petroleum fluids or 
similar mixtures are discussed only, and models 
developed for water-gas fluids are excluded. Moreover, it 
is assumed that models have been developed for a 
nominal rotational speed, and affinity laws are used to 
extend the use of model to other rotational speeds, unless 
otherwise stated [13]. 
 
     All empirical models have three input variables from 
the following table, where the output is the estimated 

head of two-phase fluid, ˆ
mH . 

 
Symbol Variable Symbol Variable 

pin input pressure α gas void fraction 

 liquid density ql liquid volumetric flow rate 

 gas density qg, gas volumetric flow rate 

 mixture density qm mixture volumetric flow rate 

Table 1: Most common input variables to a head-predicting model of two-phase petroleum fluids in ESPs. 
 
     Only input variable outside Table 1 is rotational speed, 
, which has been used as the fourth input of a model 
[14]. Maximum head and flow rate of the pump, Hmax and 
qmax, have been used as parameters (not variables) in a 
model [13]. Another parameter is Hl, the head estimated 
by manufacturer curve, if the whole fluid was liquid. 
 

Heuristic Empirical models 

The first model, Model 1, was developed by Turpin et al in 
1986 [15]: 

 
 
(1)  
 
 

 
Then, Model 2 was proposed by Sachdeva et al, in 1992 
[16]:  

 
(2) 

 

Model 3 was presented by Zhou and Sachdeva in 2010 
[13]: 

 
 
 (3) 
 

where C is pressure unit coefficient, e.g. 1, 1000 or 0.145 
for psi,ksi or kPa. The values of E1, E2,E3, E4, E5, E6, K2 
and K3 are listed in Zhou D, et al. [13] for multiple stages 
of electrical submersible pumps. 
 
     Model 3 seems to be a modified version of Model 2. In 
this model, when gas void fraction and flow rate equal 
zero, estimated head is Hmax. The values of E1, E2, E3 and 
K2 are listed in for multiple stages of electrical 
submersible pumps [13]. 
 
     Models (1-3) are converted to linear equations after 
taking logarithm. As a result, the parameters can be 
identified with use of experimental data and non-iterative 
least square of error algorithm [17] (or alternatively with 
response surface method (RSM) [18] or full factorial 
experiments [19, 20]). The number of identifiable 
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parameters in Models 1, 2 and 3 are 2, 4 and 4 
respectively. 
 

Artificial Intelligence Models  

     Four AI models have been reported so far to predict 
head of two-phase fluids in ESPs. In all of them, 
parameters were identified using experimental data and 
iterative algorithms. The first model was a Multi-Layer 
Perceptron (MLP), reported in 2015 [4]: 

 

( )( )( )
7 1
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1

ˆ 2 1 exp 2 1 .m j j in j m j j

j

H p q α c
−

=

 
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  
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     Matrices W37, T17 and b and scalar c are parameters 
of Model 4, equivalent to 36 scalar parameters in total. It 
was shown that (4) outperforms Models (1-3) by far in 
terms of estimation accuracy, as detailed in Table 2 [4]. 
 
     Following this work, a more complex version of was 
presented with an extra input variable of rotational 
speed,. In this model, a history of input variables were 
used instead of individual variables [4,14]. Later on, a 
Radial Basis Function Network (RBFN)with 390 
parameters and a fuzzy models with 30 parameters were 
also successfully developed to predict head of two-phase 
fluids in ESPs [3,18]. It was also shown that RBFN and 
fuzzy models present much smaller test estimation errors 
than all heuristic models (Table 2). 
 

Summary and Conclusion  

     Empirical head-predicting models of two-phase 
petroleum fluids in ESPs were reviewed and categorised 
as heuristic and artificial intelligence (AI) models. Table 2 
presents number of parameters and the absolute test 
error of the models estimating the head of 8 stages of I-
42B radial ESP. The tests error is an average of all test 
errors reported in for the same ESP. Heuristic ones have 
the advantage of small number of parameters and non-
iterative parameter identification method [1,3,4,18]. 
However, AI models present much smaller error at the 
cost of higher number of parameters and complex 
iterative parameter identification algorithms. With 
availability of inexpensive digital processors, AI models 
are expected to find wider use in the future.  

 
 Heuristic Models AI Models 

Model 1 2 3 ANN[4] Fuzzy[18] RBFN[3] 
Number of Parameters 2 4 4 36 30 390 

Table 2: Number of parameters and mean of absolute test error in different empirical models of two-phase petroleum 
fluids in ESPs. 
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