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Abstract

In this brief review, we will address acoustic black holes arising from quantum field theory in the Lorentz-violating and 
non-commutative background. Thus, we consider canonical acoustic black holes with effective metrics for the purpose of 
investigating Hawking radiation and entropy. We show that due to the generalized uncertainty principle and the modified 
dispersion relation, the Hawking temperature is regularized, that is, free from the singularity when the horizon radius goes to 
zero. In addition, we also find logarithmic corrections in the leading order for entropy.
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Introduction

Gravitational analogue models are topics of great 
interest and have been widely studied in the literature 
due to the possibility of detecting Hawking radiation in 
the table experiment. In particular, acoustic black holes 
were proposed by Unruh [1,2] in 1981  for the purpose of 
exploring Hawking radiation, as well as investigating other 
issues to understand quantum gravity effects. It is well 
known that an acoustic black hole can be generated when 
fluid motion reaches a speed greater than the local speed of 
sound. These objects can exhibit properties similar to the 
laws of thermodynamics of gravitational black holes, such 
as a Hawking-like temperature and entropy (entanglement 
entropy). Besides, it has been conjectured that phenomena 
that are observed in black holes may also occur in acoustic 
black holes. Furthermore, with the detection of gravitational 
waves [3,4] and the capture of the image of a supermassive 
black hole [5,6], a window of possibilities in the physics 
of black holes and also in analogous models was opened. 
Acoustic black holes have applications in various branches of 
physics, namely high energy physics, condensed matter, and 

quantum physics [7,8]. On the experimental side, Hawking 
radiation has been successfully measured in the works 
reported in Muñoz and Isoard M [9,10]. And also carried out 
in other branches of physics [11-16]. However, in the physics 
of acoustic black holes, the first experimental measurement 
of Hawking radiation was devised in the Bose-Einstein 
condensate [17].

In a recent paper, acoustic black holes embedded 
in a curved background were constructed by applying 
relativistic Gross-Pitaevskii and Yang-Mills theories [18]. In 
Yu C, et al. [19] an acoustic black hole of a D3-black brane 
was proposed. On the other hand, relativistic acoustic black 
holes in Minkowski space time were generated from the 
Abelian Higgs model [20-24]. Also, relativistic acoustic black 
holes have emerged from other physical models [25-28]. In 
addition, these objects have been used to analyze various 
physical phenomena, such as superradiance [29-33], entropy 
[34-38], quasinormal modes [39-44], and as well as, in other 
models [45-55]. Moreover Zhang B [56], was reported that 
there is a thermodynamic-like description for acoustic 
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black holes in two dimensions. In this sense, an analogous 
form of Bekenstein-Hawking entropy (understood as an 
entanglement entropy) was addressed in Rinaldi M [57] by 
analyzing the Bose- Einstein condensate system. In addition, 
the dependence of entropy on the area of the event horizon 
of the acoustic black hole was explored in Steinhauer J [58]. 
Also, in the entanglement entropy of an acoustic black hole 
was examined Giovanazzi S [59].

In this brief review, we are interested in investigating 
modified acoustic black holes that have been constructed 
from field theory by considering the Abelian Higgs model 
in the Lorentz-violating [21] and noncommutative [22] 
background. To this end, we will explore canonical acoustic 
black holes with modified metrics to examine the effect of 
Lorentz symmetry breaking and noncommutativity on 
Hawking radiation and entropy. In addition, by applying the 
generalized uncertainty principle and a modified dispersion 
relation, we show that the Hawking temperature singularity 
disappears when the horizon radius vanishes. Besides, we 
also find logarithmic correction terms for entropy. Recently, 
the stability of the canonical acoustic black hole in the 
presence of noncommutative effects and minimum length 
has been addressed by us in Anacleto MA [60]. Thus, it was 
verified that the noncommutativity and the minimum length 
act as regulators in the Hawking temperature, that is, the 
singularity is removed. Also, it was shown that for a certain 
minimum radius the canonical acoustic black hole presents 
stability. This brief review is organized as follows. In Sec. II, we 
briefly review the steps to find the relativistic acoustic black 
hole metrics. In Sec. III, we briefly review the steps to find the 
relativistic acoustic black hole modified metrics. In Sec. IV, 
we will focus on canonical acoustic black holes with effective 
metrics to compute Hawking temperature and entropy. In Sec. 
V, we will introduce quantum corrections via the generalized 
uncertainty principle and the modified dispersion relation in 
the calculation of Hawking temperature and entropy. Finally 
in Sec. VI we present our final considerations.

Acoustic Black Hole

In this section we review the steps to obtain the 
relativistic acoustic metric from the Lagrangian density of 
the charged scalar field. Here we will follow the procedure 
adopted in Ge XH, et al. [20].

Relativistic Acoustic Metric

In order to determine the relativistic acoustic metric, we 
start by considering the following Lagrangian density:

2 2 4* µ
µφ φ φ φ= ∂ ∂ + −m b

     
(1)

Now, we decompose the scalar field as

( ) ( )( ),   ,x t exp iS x tφ ρ=
 
such that

( )2 2S S m bµ µ
µ µ

ρρ ρ ρ ρ
ρ

= ∂ ∂ + − + ∂ ∂  (2)

Moreover, from the above Lagrangian, we find the equations 
of motion for S and ρ given respectively by

( ) 0Sµ
µ ρ∂ ∂ =   (3)

and

21 2 0S S m bµ µ
µ µρ ρ

ρ
∂ ∂ + ∂ ∂ + − =  (4)

Where the Eq. (3) is the continuity equation and Eq. (4) is an 
equation describing a hydro dynamical fluid, and the term, 

( ) 1
µ

µρ ρ
−

∂ ∂  called the quantum potential can be 

neglected in the hydrodynamic region. Now, by performing 
the following perturbations on equations of motion (3) and 
(4):

( )2
0 1 Oρ ρ ε ρ ε= + +      (5)

( )2
0  S S Oεψ ε= + +      (6)

We obtain

1 0 0( ) 0,uµ µ
µ ρ ρ ψ∂ + ∂ =      (7)

and 

0 1 0,u bµ
µψ ρ∂ − =      (8)

where we have defined 0 0u Sµ µ= ∂ , Hence, solving (8) for 1ρ

and substituting into (7), we have

0 0 0     0.u u b gµ ν µν
µ νρ ψ ∂ + ∂ =       

(9)

We can also write the above equation as follows: 

2
2 2 20 0 0 0 0 0
0 0 02 2

0 00 0

 
 1      0,

2

i i i j
ij

t t i i t j
b v v v vρ ω

ω ψ ψ ω ψ ω δ ψ
ω ωω ω

         ∂ − − ∂ − ∂ + ∂ − ∂ + − ∂ =      
         

(10)
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Where 0 0
t Sω = ∂  and 0 0

i
iv S= ∂ (the local velocity field). In 

addition, we define 2 2
0 0/ 2sc bρ ω=  to be the speed of sound 

and 0 0/i iv v ω= . However, the equation (10) becomes

( ) ( )2 20 0
2 2 1 –  –   –         0.

2 2
i i i j ij

t s t i i t s j
s s

b b
c v v v v c

c c
ρ ρ

ψ ψ ψ δ ψ
      ∂ − ∂ ∂ + ∂ ∂ − + ∂ =         

(11)
In this way, the above equation can be written as a Klein-

Gordon equation in (3+1) dimensional curved space as 
follows:

( )1  0,g g
g

µν
µ ν ψ∂ − ∂ =

−
(12)

Where
2 2

0

2 2 2
2

–
 .

2 1 (1 )

i
s

j ijs s
s

c v v
b

g
c c v v c

µν
ρ

δ

 + −
 

= ⋅ 
+ −  − + 



 



(13)

Hence, by determining the inverse of g µν , we find the 
relativistic acoustic metric given by

2 2

0

2 2 2
2

–
 .

2 1 (1 )

i
s

j ijs s
s

c v v
b

g
c c v v c

µν
ρ

δ

 + −
 

= ⋅ 
+ −  − + 



 



 (14)

The metric depends on the density 0ρ , the local sound 
speed in the fluid cs, the velocity of flow v . This is the 
acoustic black hole metric for high sc  and  v speeds Note 
that, in the non-relativistic limit, up to an overall factor, the 
metric found by Unruh is obtained. 

2 2

0
2

–
 .

2

i
s

s j ij

c v v
b

g
c

v
µν

ρ

δ

 + −
 

= ⋅ 
 − 



 



 (15)

The relativistic acoustic metric (14) has also been 
obtained from the Abelian Higgs model [20].

The Dispersion Relation

Here we aim to examine the dispersion relation. Hence, 
we will adopt the notation written below

    ,  ,   .i t i k xRe e k
t

ω ψψ ω ψ− ⋅ ∂ ∼ = = ∇  ∂







(16)

So we can write the Klein-Gordon equation (11) in terms 
of momentum and frequency as follows:

( ) ( ) ( )2 2 2 2 21   2    0.s sc v k c v kω ω+ + ⋅ − − =


 (17)

Now, by making 1,  i ik δ= we have

( )( )2 2
1 1 11 1

2 2

1  –     1  – 
,

1 1
s s ss s

s s

v k c k c v c vv k c k c v
c c

ω
− ± + +− ± +

= =
+ +

 

(18)
In the limit of small 1v , we find the modified dispersion 

relation

1 1 , 
2
vEω  ≈ + 

 
 (19)

Where sE c k=  is the linear dispersion relation.

Modified Acoustic Black Hole

In this section, we review the derivation of the 
relativistic acoustic metric from the Abelian Higgs model in 
the background violating-Lorentz and noncommutative

The Lorentz-Violating Model

At this point, we consider the Abelian Higgs model with 
Lorentz symmetry breaking that has been introduced as a 
change in the scalar sector of the Lagrangian [61]. Moreover, 
the relativistic acoustic metric violating Lorentz has been 
found in Anacleto MA, et al. [21]. Then, the corresponding 
Lagrangian for the Abelian Higgs model in the Lorentz-
violating background is written as follows:

2 2 42 *1    ,
4

F F D m b k D Dµν µν
µν µ µ νφ φ φ φ φ= − + + − + (20)

being    – F A Aµν µ ν ν µ=∂ ∂ the field intensity tensor, 
  – D ieAµ µ µφ φ φ= ∂  the covariant derivative and kµν a constant 
tensor implementing the Lorentz symmetry breaking, given 
by Anacleto MA, et al. [21].

    ,kµν

β α α α
α β α α
α α β α
α α α β

 
 
 
 =
 
 
  

(21)

where α  and β  are real parameters.

Next, following the steps taken in the previous section 
to derive the relativistic acoustic metric from quantum 
field theory, we consider ( ) ( )( )  ,  , x t exp iS x tφ ρ= in the 
Lagrangian above. Thus, we have

 

2 2 2

2

1 2
4

( 2 ) ( )

F F S S e A S e A A m b

k S S eA S e A A

µµν µ µ
µν µ µ µ

µν µ
µ ν µ ν µ ν µ

ρ ρ ρ ρ ρ

ρρ ρ
ρ

= − + ∂ ∂ − ∂ + + −

+ ∂ ∂ − ∂ + + ∂ ∂



(22)
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Where kµ µ µν
ν∂ = ∂ + ∂ . Then, the equations of motion 

for S  and ρ  are:

  0,u k uµ µν
νµ ρ ρ ∂ + =  (23)

and

( ) 2
 

 2 0,u u k u u m b
µ

µ µ µν
µ µ ν

ρ
ρ

ρ

∂ ∂
+ + + − =



 (24)

where we have defined . – u S eAµ µ µ= ∂ Now, by linearizing 
the equations above around the background ( )0 0, Sρ , with

 ( )2
0 1 Oρ ρ ε ρ ε= + +         (25)

( )2
0  ,S S Oεψ ε= + +         (26)

and keeping the vector field  Aµ unchanged, we have

( ) ( )1 0 0 0 0, u k u g kµ µν µν µν
µ ν νρ ρ ψ ∂ + + + ∂ =   (27)

and

( )0 0 1 0,u k u bµ µν
ν µψ ρ+ ∂ − =  (28)

by solving (28) for 1 ρ and replacing into equation (27), we 
obtain

( )0 0 0 0 0 0 0  0. u u k u u u k u b g kµ ν µλ ν µ νλ µν µν
µ λ λ νρ ψ ∂ + + + + ∂ =  (29)

Hence, we find the equation of motion for a linear 
acoustic disturbance ψ  given by a Klein-Gordon equation 
curved space

( )1  0,g g
g

µν
µ ν ψ∂ − ∂ =

−
          (30)

where µνg  is the relativistic acoustic metrics. For   β ≠ 0  
and α=0 , we have Anacleto MA, et al. [21]

2 2

0
22

 

is

s
j ij i j

c v v
b

g
c

v f v v

µν

β

β
β β

ρ β

β
δ

β

−

+ +
−

−

+

 
− + − 

 
 = ⋅
 
 

− + 
 







 





 






 (31)

where 
2 2

1 sc vβ
β β

−

+ +

= + −


 

 and 
2 2
sc vfβ

β β
β β β

+ −

− − +

= + −
 

  

. 

The acoustic line element in the Lorentz-violating 
background can be written as follows

( )
2 2

202 2 2 
2      

2
s

s

b c vds dt v dx dt v d x f dx
c β

ρ β β β
β β β

− − −

+ + +

  
= − − − ⋅ + ⋅ +  

   



 

    

  
 

(32)
Now changing the time coordinate as  ·d dt v dxτ β+= +







, 

we find the acoustic metric in the stationary form
2 2

02 2
2 2

 
 

2

i j
ij i js

s

fb c v v vds d dx dx
c vc

βρ β β β
τ δ

β β β
− − −

+ + −

    
= − − + +    

−     



 

  




 

(33)

where
2 2
sc vβ β

β β β
+ −

− + +

= + −
 

  


. 

For 1β = , we recover the result 

found in Ref Ge XH, et al. [20]. 
Next, for 0β = and 0α ≠ , we have Anacleto MA, et al. [21]

0
2 2

tt tj

s
it ij

g g
b

g
c f g g

µν
ρ

 
 = ⋅ 
  



 



 (34)

where
( ) ( )22 2 21  –  1tt sg c v vα α = − + + −   (35)

(1 . ) ,j
tjg vα ν= − −

   (36)

( )1 · ,i
itg v vα= − −

   (37)

( )2 2 21 · ,ij i j
ij sg v c v v vα δ = − + − + 

   (38)

( ) ( ) ( ) ( )2 2 22 2 2 21 1 ·   1  1 1 ·s sf v c v v v cα α α α −   = + − + − + − + −   
    

(39)
Thus, the acoustic line element in the Lorentz-violating 

background can be written as

( )( ) ( )22 2 20  
2 1   

2 tt
s

b
ds g dt v v dx dt v d x f dx

c f α
ρ

α = − − ⋅ ⋅ + ⋅ + 
           

(40)

where ( )2 2 21 · sf v c vα α= − + −
  Now changing the time 

coordinate as

( )( )
( ) ( )22 2 2

1  · ·  

1  –  1s

v v d x
d dt

c v v

α
τ

α α

−
= +

 + + − 

   

       (41)
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We find the acoustic metric in the stationary form

2 20  
 

2

i j
ij i j

tt
tts

b fv vds g d dx dx
gc f

αρ
τ Λ δ

Λ
  −

= + +  
   

 (42)

where ( )21 · ttv gΛ α= − −
  . For 0α = , the result found in Ge 

XH, et al. [20] is recovered. 

Noncommutative Acoustic Black Hole

The metric of a noncommutative canonical acoustic 
black hole has been found by us in Anacleto MA, et al. [22]. 
Here, starting from the noncommutative Abelian Higgs 
model, we briefly review the steps to generate the relativistic 
acoustic metric in the noncommutative background. 
Thus, the Lagrangian of the Abelian Higgs model in the 
noncommutative background is given by Ghosh S [62].

( )
( ) ( )

2 2 42

††

4
1
2

F F D m b

F D D D D

µν
µν µ

αβ µ µ
αµ β β

κ
κ φ φ φ

θ φ φ φ φ

+
−= − + + −

 + +  



            (43)

being 1 / 2Fµν
µνκ θ± = ± ,  – F A Aµν µ ν ν µ= ∂ ∂ the field intensity 

tensor and  –D ieAµ µ µφ φ φ= ∂  the covariant derivative. The 

parameter αβθ is a constant, real-valued antisymmetric 

   D D×  - matrix in D  -dimensional spacetime with dimensions 

of length squared. Now, we use ( ) ( )( ),  , x t exp iS x tφ ρ= in 

the above Lagrangian, such that Anacleto MA, et al. [22].

2 2  ,
4

F F g S S m b gµν µν µν
µν µ ν µ ν

κ ρρ θ ρ θ ρ ρ
ρ

+= − + + − + ∂ ∂   

 (44)

where /eA Sµ µ µ= ∂ − , g gµν µν µνθ Θ= + , 1 Bθ θ= + ⋅
 

 ,

  B A= ∇×


 and  Fµν αµ ν
αΘ θ= . In our analysis we consider the 

case where there is no noncommutativity between space and 
time, that is 0 0iθ = and use ij ijk

kθ ε θ= , 0i iF E= and

ij ijk
kF Bε= . In the sequence we obtain the equations of 

motion for S  and ρ  as follows:

0, u uµ µν
µ νθρ ρΘ ∂ + = 
   (45)

and 

21  2 0,g g u u m bµν µν
µ ν µ νρ θ θ ρ

ρ
∂ ∂ + + − =          (46)

where ( ) / 2µν µν νµΘ Θ Θ= + . Hence, by linearizing the 

equations of motion around the background ( )ρ0 0, S , with
0 1ρ ρ ρ= + , 0S S ψ= +  and keeping the vector potential 

unchanged, such that

( )1 0 0 0g u gµν µν µν
µ ν νρ ρ Θ ψ ∂ + + ∂ = 

  (47)
and 

( ) 0.u u bµ µν
ν µθ Θ ψ θρ+ ∂ − =   (48)

Then, by manipulating the above equations, we obtain 
the equation of motion for a linear acoustic disturbance ψ  
in the form

( )1  0,g g
g

µν
µ ν ψ∂ − ∂ =

−
 (49)

where 

0  
,

2 s

b
g g

c f
µν µνρ

=   (50)

is the relativistic acoustic metric with noncommutative 
corrections in (3+1) dimensions and with g µν

  given in the 

form Anacleto MA, et al. [22].

( ) ( ) ( )( ) ( )2 21 3 · 1 3 · 2 · · · ,sgtt B c B v v B v E vθ θ θ θ = − − − + + − × 
      

  

  

(51)

( ) ( ) ( ) ( ) ( ) ( )21  1 2 1 2 · · · · ,
2 2 2 2

j j jjtj
s

v Bg E c B E v v B vθθ θ θ θ = − × + − + − × + + 
    

  



 

(52)

( ) ( ) ( ) ( ) ( ) ( )21  1 2 1 2 · · · · ,
2 2 2 2

i i iiit
s

v Bg E c B E v v B vθθ θ θ θ = − × + − + − × + + 
    

  



 

(53)

( )( ) ( ) ( ) ( )2 21 · 1 1 · ·  1 · ,ij ij i j
sg B c B v E v B v vθ θ θ δ θ = + + − + − × + + 

      



  

(54)

( )( ) ( ) ( ) ( )( )2 2 1 2 · 1 1 4 · 3 · 2 · · .sf B c B v E v B v vθ θ θ θ = − + − + − × + 
      

    

(55)
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Setting 0θ = , the acoustic metric above reduces to the 
acoustic metric obtained in Ref Ge XH, et al. [20]. 

Modified Canonical Acoustic Black Hole

In this section, we shall address the issue of Hawking 
temperature in the regime of low velocities for the previous 
cases with further details. Now we consider an incompressible 
fluid with spherical symmetry. In this case the density  is a 
position independent quantity and the continuity equation 
implies that 21/v r∼ . The sound speed is also a constant. In 
the following we examine the Hawking radiation and entropy 
of the usual canonical acoustic black hole, as well as, in the 
Lorentz-violating and noncommutative background.

Canonical Acoustic Metric

In this case the line element of the acoustic black hole is 
given by

( ) ( ) ( )
2

2 2 2 2 2 2 2    ,s
r

r

c
ds f v d dr r d sin d

f v
τ θ θ φ=− + + +  (56)

where the metric function, ( )rf v takes de form

( ) ( )
4

2 2 2
4 –    1 h

r s r s
r

f v c v f r c
r

 
= → = − 

 
 (57)

Here we have defined 2 2 /r s hv c r r= being hr the radius of 

the event horizon. In this case we compute the Hawking 
temperature using the following formula:

( ) 2'
4  

h s
H

h

f r c
T

rπ π
= =  (58)

By considering the above result for the Hawking 
temperature and applying the first law of thermodynamics, 
we can obtain the entropy (entanglement entropy [38]) of 
the acoustic black hole as follows

2 
4 4h H s

dE dA AS
T r T cπ

= = =∫ ∫
 
 (59)

being 24 hA rπ= the horizon area of the canonical acoustic 
black hole.

Canonical Acoustic Metric with Lorentz 
Violation

In the limit 2 1sc  and 2 1v  can be written as a 
Schwarzschild metric type. Thus, for 0β ≠ and 0α = and up 
to an irrelevant position-independent factor,

( )
( )

( )
2

2 2 2 2 2 2 2   ,
  

β
τ ϑ ϑ φ

ββ β
+

−− +

= − + + +




 

s
r

r

c
ds f v d dr r d sin d

f v  

(60)
where 

( ) ( )
2 2 2 4

4  1 ,s r s h
r

c v c r
f v f r

r
ββ β

β
β β β β

−− −
−

+ + + +

    −
= → = −   

     

 



   

 

(61)
The Hawking temperature is given by

( ) ( )
( )

( )3/22 2

3/2

' 1  1 3
4  1  

h s s
H

hh

f r c c
T

rr

β β
π πβ π

− −
= = =

+
 (62)

Therefore, the temperature is decreased when we vary 
the parameter β . For   0β = the usual result is obtained. 
Hence, from the above temperature, we have the following 
result for the entropy of the acoustic black hole in the 
background violating Lorentz.

( )
2

1 3
,

4 s

S A
c

β+
=  (63)

Now, for 0β = and 0α ≠ , we find for α  sufficiently small we 
have up to first order

( )
( )

2 2 
 

1 2
s r

r

r

c v
f v

v
α

α α

−
=

−





 (64)

where 1α α= + . For 2 2 /r s hv c r r= with 1sc = , the metric 

function becomes

( )
4 2 2

1/2
4 2 2  1h h hr r r

f r
r r r

α α α α−   
= − + +  

   
   (65)

In the present case there is a richer structure such as 
charged and rotating black holes. The event horizon of the 
modified canonical acoustic black hole is obtained from the 
following equation:

4 2 2

4 2 2  1 0h h hr r r
r r r

α α α
 

− + + = 
 

  (66)

which can also be rewritten in the form

6 2 4 1 4 2 6   0h h hr r r r r rα α α−+ − − =  (67)

we can also write
( )( )2 2 2 2 2 6 0,hr r r r r rα+ −− − − =  (68)
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where
2 2 1 

2hr r α
α±

 
= − ± 

 
 (69)

Now, arranging the above equation (68), we have

( )
6

2 2
2 2 2

 hrr r
r r r

α
+

−

= +
−

 (70)

Therefore, we can find the event horizon by solving the 
above equation perturbatively. So, up to the first order in α
we obtain

( )
6

2 2 2
2 2 2

 1  
2

h
h

r
r r r

r r r
α α

+ +
+ + −

 ≈ + = − −  


  (71)

Then, we have

1
2hr r α

+ = − +  (72)

For the Hawking temperature, we obtain

1 31
 2HT
r

α
π +

 = + 
 

 (73)

In terms of hr , we have

1 71
 4H

h

T
r

α
π

 = + 
 

 (74)

In this situation the temperature is increased when we vary 
the parameter α . For 0α = one recovers the usual result. 

In this case for entropy, we find

71
4 4

AS α = − 
 

 (75)

Noncommutative Canonical Acoustic Metric

The noncommutative acoustic metric can be written as 
a Schwarzschild metric type, up to an irrelevant position- 
independent factor, in the nonrelativistic limit as follows 
Anacleto MA, et al. [22],

( )
( )

( )
( )2 2 2 2 2

2 2 2

 

Γ Σ Λ ϑ ϑ φ
τ

 + + + = − + +






r
r

r

v vr r d sin d
ds v d dr

v f






 (76)
where 

( ) ( )
( ) ( )

( ) ( )2 21 1 3 1 3 2r
r s r r r r r

r r

v
v B c B B v v

f v f v
θ θ θ θ = = − ⋅ − + ⋅ − − 
  




 

 (77)

( ) 1 2 3r r rf v B vθ θ= − ⋅ −
 

  (78)

( ) 1r r rv B vΛ θ θ= + ⋅ −
 

  (79)

( ) 1 4 2r r rv B vΓ θ θ= + ⋅ −
 

  (80)

( ) [ )(  ( ) ] r r r r r r r r rv B v v B vΣ θ θ θ= − −  (81)

Being ( ) r r
n Eθ θ= ×




 . Now, by applying the relation
2 2 /r s hv c r r= , where hr is the radius of the event horizon 

and making 1sc = and so, the metric function of the 
noncommutative canonical acoustic black hole becomes

( ) ( )
1/24 2 2

4 2 21 3 1 3 2 1 2 3h h h
r r r r

r r r
r B B B B

r r r
θ θ θ θ θ θ

−
   

= − ⋅ − + ⋅ − − − ⋅ −   
   

    

    

(82)
Next, we will do our analysis considering the pure 

magnetic sector first and then we will investigate the pure 
electric sector.

Hence, for 3 30, · 0,  0r rB Bθ θ θ θ= = ≠ =
 

  (or 0E = ) with 
small 3 3Bθ ,

( )3 3 3 3

3 3

1 3 1 41 
  1 2H

h h

B B
T

r rB
θ θ

π πθ

+ +
= =

−
 (83)

For 0θ = the usual result is obtained. Here the temperature 
has its value increased when we vary the parameter θ .

	 However, for the temperature in (83) we can find the 
entropy given by 

( )3 31 4
 

4 4h H

B AdE dAS
T r T

θ
π

−
= = =∫ ∫  (84)

where 24 hA rπ= is the horizon area of the canonical acoustic 
black hole. 

At this point, we will consider the situation where 0B = and
0rθ ≠ . So, from (82), we have

( )
1/24 2 2

4 2 21 1 3h h h
r r

r r r
r

r r r
θ θ

−
   

= − − −   
   

    (85)

For this metric the event horizon is obtained by solving 
the equation below

4 2

4 21 0h h
r

r r
r r

θ− − =  (86)

or
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4 2 4 0r h hr r rθ− − =  (87)

So, solving the above equation, we obtain

1
4

r
hr rθ

+
 = + 
 


 (88)

For the Hawking temperature, we find

( )1 / 2 1 1 3 / 41 
   1 3

r r r
H

hr

T
r r r

θ θ θ
π π πθ + +

− + +
= = =

−

  


 (89)

We also noticed that the temperature is increased when we 
vary the θ  parameter. For entropy we have

( )1
4

r A
S

θ−
=


 (90)

where 24A rπ += .

Quantum-Corrected Hawking Temperature 
and Entropy

In this section, we implement quantum corrections in 
the Hawking temperature and entropy calculation arising 
from the generalized uncertainty principle and modified 
dispersion relations.

Result Using GUP

At this point, we introduce quantum corrections via the 
generalized uncertainty principle (GUP) to determine the 
Hawking temperature and entropy of the canonical acoustic 
black hole in the Lorentz-violating and noncommutative 
background. So, we will adopt the following GUP [63-70].

( )
2 2

2
2  1

2
p pl l

x p p p
λ λ

∆ ∆ ∆ ∆
 

≥ − +  
 



 

 (91)

Where α  is a dimensionless positive parameter and pl is the 
Planck length.

In sequence, without loss of generality, we will adopt the 
natural units 1B pG c k l= = = = = and by assuming that

p E∆ ∼ and following the steps performed in Anacleto MA, et 
al. [38] we can obtain the following relation for the corrected 
energy of the black hole

( ) ( )

2

2 1
2 2

gupE E
x x

λ λ
∆ ∆

 
≥ − + + 

  
  (92)

Thus, applying the tunneling formalism using the 
Hamilton-Jacobi method, we have the following result for the 

probability of tunneling with corrected energy gupE given by

4 gupE
exp

π
Γ

κ
 

= − 
 

 (93)

where κ  is the surface gravity. Comparing with the 
Boltzmann factor, /E Te− we obtain the following result for the 
Hawking temperature with quantum corrections

( ) ( )

1
2

2 1 
2 2

HT T
x x

λ λ
∆ ∆

−
 

≤ − + + 
  

  (94)

So, by applying it to temperature (58), we have the following 
result

2

2

 
4 8

s

h
h

c
T

r
r

λ λπ
=

 
− + 

 


 (95)

Therefore, when 0hr = the singularity is removed and 
the temperature is now zero. Next, we analyze the effect of 
GUP in the Lorentz-violating and noncommutative cases.

For this case we can calculate the entropy, which is given by
2

2 2 2

4 ln –
4 4 8s s s

A A AS
c c c

π λ πλ
= + +  (96)

So due to the GUP we get a logarithmic correction term 
for the entropy.

Violation-Lorentz Case: In the situation where 0β ≠ and 
0α = , the corrected temperature due to GUP is

12

21 
4 8H

h h

T T
r r
λ λ

−
 

= − + + 
 

  (97)

where 

1 3
 H

h

T
r
β

π
−

=  (98)

Thus, we have 

2

1 3

 
4 8h

h

T
r

r

β
λ λπ

−
=

 
− + 

 


 (99)

Note that when 0hr → the Hawking temperature tends 
to zero, 0T → . In the absence of the GUP the temperature, 

HT diverges when 0hr = . Therefore, we observe that the GUP 
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has the effect of removing the singularity at 0hr =  in the 
Hawking temperature of the acoustic black hole.
Now computing the entropy, we find

( )
24 ln1 3  –

4 4 8
A A AS π λ πλβ

 
= + + + 

 
  (100)

For 0β = and 0α ≠ , we have

2

1 3 / 2

 
4 8

T
r

r

α
λ λπ +

+

+
=

 
− + 

 






 (101)

In terms of hr , we obtain

2

1 3 / 2

1 1  
4 4 8 4h

h

T
r

r

α
α λ λ απ

+
=

    − − + +    
    



 (102)

In this situation, we can also verify the effect of the GUP 
on the temperature that goes to zero when ( )0 0hr r+→ → . In 
addition, we note that in both cases the Hawking temperature 
reaches a maximum value before going to zero, as we can see 
in Figure 1. Therefore, presenting a behavior analogous to 
what happens with the corrected Hawking temperature of 
the Schwarzschild black hole.
For entropy, we obtain

23 4 ln1 1  – 1
2 4 4 4 4 8

A A AS α α π λ α πλ      = − − + + +      
      

  

(103)
Again we find a logarithmic correction term and also the 
contribution of the  parameter to the entropy.

Figure 1: The Hawking temperature H HT Tπλ→ in function 
of /hr λ . Note that the temperatures Th2 (95), Th3 (99) 
and Th4 (102) reach maximum values, and then decreases 
to zero as / 0hr λ → .

Noncommutative Case: For the magnetic sector, the GUP-
corrected Hawking temperature is given by

3 3
2

1 4

 
4 8h

h

B
T

r
r

θ
λ λπ

+
=

 
− + 

 


 (104)

Note that, the GUP acts as a temperature regulator 
by removing the singularity when 0hr = . In addition, the 
temperature goes through a maximum value point before 
going to zero for 0hr = .
In this case entropy is given by

( )
2

3 3
4 ln1 4  –

4 4 8
A A AS B π λ πλθ

 
= − + + 

 
  (105)

Next, for the electrical sector, we find the following GUP-
corrected Hawking temperature

2

1

 
4 8

rT
r

r

θ
λ λπ +

+

+
=

 
− + 

 


  (106)

In terms of hr , the temperature becomes

2

1

1 1  
4 4 8 4

r

r r
h

h

T
r

r

θ
θ θλ λπ

+
=

    + − + −    
    




 

 (107)

Hence, as has been verified in the violating-Lorentz 
case, here in both cases the temperature-corrected magnetic 
and electric sectors have the singularity removed when the 
horizon radius goes to zero. Also, in this case we can observe 
that the temperature reaches a maximum value and then 
goes to zero when the horizon radius is zero.

At this point, when determining the entropy, we have

( )
24 ln1 1  – 1

4 4 4 4 8
r r

r
A A AS θ θπ λ πλθ

    = − + + − +    
    



 
  

(108)

Result Using Modified Dispersion Relation

Near the event horizon the dispersion relation (19) 
becomes

2
0
21

2 h

a
E

r
ω

 
= + 

 
 (109)

where 0a is a parameter with length dimension. By assuming 
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1/  1/ hk k x r∆∼ ∆ ∼ = , we can write

2 2
01
2

a k
Eω

 
= + 

 
 (110)

Thus, in terms of the energy difference, we have

2 2
0 
2

a kE E
E E

∆ ω −
= =  (111)

Next, by using the Rayleigh’s formula that relates the phase 
and group velocities

 p
g p

dv
v v k

dk
= +  (112)

where the phase velocity ( )pv and the group velocity ( )gv are 
given by

2 2
01
2p

a k
v

k
ω

= = +  (113)

and 
2 2
03

1
2g

a kdv
dk
ω

= = +  (114)

However, we find an expression for the velocity difference as 
following

2 2
0

 – g p

p

v v
a k

v
=  (115)

which corresponds to the supersonic case ( ) g pv v> .

Furthermore, the Hawking temperature (58) can be corrected 
by applying the dispersion ratio (109), i.e

2

2
0

2

s
H

n
h

c
T

ar
r

π
=

 
+ 

 

 (116)

Note that the singularity is removed, when hr and the 
temperature vanishes. In addition, the temperature reaches 
a maximum value before going to zero, as we can see in 
Figure 2. 
Now, by calculating the entropy, we find

2
0

2 2

2 ln
4 4s s

a AAS
c c

π
= +  (117)

Here a logarithmic correction term arises in entropy 
on account of the modified dispersion relation. In order 
to correct the Hawking temperature and entropy for the 

Lorentz-violating and non-commutative cases, we will apply 
the modified dispersion relations obtained in Refs Anacleto 
MA, et al. [21,22].

Figure 2: The Hawking temperature 0H HT a Tπ→ in 
function of 0/hr a . Note that the temperatures T2 (116), 
T3 (119) and T4 (123) reach maximum values, and then 
decreases to zero as 0/ 0hr a → .

Violation-Lorentz Case: In the situation where 0β = and 
0α ≠ , we have the following dispersion relation: 

2
0

21 
2

a
E

r
ααω

+

 
= + + 

 

 (118)

So for temperature (73), we get

2
0

1 3 / 2

 
2

T
ar
r

α
ααπ +

+

+
=

 
+ + 

 




 (119)

Furthermore, the result shows that the temperature 
reaches a maximum point and then goes to zero when the 
horizon radius is zero. Moreover, entropy is given by

2
04 ln3 21 1

2 4 4 4 8
a AA AS

παα α πα    = − − + + +    
    

  (120)

Again due to the contribution of the modified dispersion 
relation, a logarithmic correction term arises in the entropy.

Noncommutative Case: At this point we consider the 
dispersion ratio for the pure electrical sector. So we have

2
1 0

21
4

a
E

r
θ

ω
+

 
= + 

 

  (121)
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For the temperature (89), we find

( )
2

1 0

1

 
4

rT
ar

r

θ
θ

π +
+

+
=

 
+ 

 




 (122)

which in terms of hr becomes

( )
2

1 0

1

1  
4 4

r

r
h

h

T
ar

r

θ
θθπ

+
=

  + +  
  




 (123)

Here, we can see that the temperature goes through a 
maximum value before going to zero for 0hr = . Hence, the 
result for entropy is

( )
2

1 0 ln
1 1  

4 4 4
r

r
a AAS

πθθ
θ

  = − + +  
  


  (124)

In the above equation a logarithmic correction term 
arises in entropy as a consequence of the noncommutativity 
effect on the dispersion relation.

Conclusion

In summary, in this work, we have reviewed the steps 
to generate relativistic acoustic metrics in the Lorentz-
violating and noncommutative background. In particular, 
we have considered the modified canonical acoustic metric 
due to the contribution of terms violating Lorentz symmetry 
and noncommutativity; to examine Hawking radiation and 
entropy. Moreover, we have verified, in the calculation of 
the Hawking temperature, that due to the presence of the 
GUP and the modified dispersion relation, the singularity is 
removed. In addition, we have shown that in these cases, the 
temperature reaches a maximum value and then vanishes 
when the horizon radius goes to zero. Furthermore, entropy 
has been computed, and we show that logarithmic correction 
terms are generated due to the GUP and also the modified 
dispersion relation. Therefore, the presented results show 
a behavior similar to what happens in the case of the 
Schwarzschild black hole.
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