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Abstract

Reconstructing quantum mechanics has been an exploratory direction for physicists. Based on logical structure and basic 
principles of quantum mechanics, we propose a new method on reconstruction quantum mechanics completely by the wave-
particle duality. This is divided into two steps: First, from wave form and duality we obtain the extensive quantum theory, which 
has the same quantum formulations only with different quantum constants H; then microscopic phenomena determine H=h. 
Further, we derive the corresponding commutation relation, the uncertainty principle and Heisenberg equation, etc. Then we 
research potential and interactions in special relativity and general relativity. Finally, various applications and developments, 
and some basic questions are discussed.
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Abbreviations: KG: Klein-Gordon; GRW: Ghirardi, 
Rimini and Weber; DFT: Density Functional Theory; NSA: 
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Introduction

Because of the importance and complexity of quantum 
mechanics, reconstructing quantum mechanics has been 
an exploratory direction for physicists. One of the earliest 
methods is based on hydrodynamics, such as the Madelung’s 
fluid mechanical model of the early quantum mechanics [1,2]. 
Recently, a reconstruction method of quantum mechanics is 
based on the probabilistic theory. Hardy proposed a specific 
probability rule, which is generalization and modified of the 
standard probability theory [3-6]. This is a reformulation 
of quantum mechanics as a general probability theory. 
There are many sets of similar axioms that can produce 
typical quantum behavior. Bub applied a similar approach 
to propose that quantum mechanics is essentially a theory 

of the presentation and manipulation of information, rather 
than a theory of non-classical waves or particles, thus 
establishing the quantum theory [7-9]. The uncertainty 
principle originates from non-commutative. This can be 
related to that based on non-commutative, matrix, group, 
tensor, etc., we proposed the mathematical quantum theory 
and its applications [10]. Moreover, Philip Ball discussed 
some questions of quantum [11-16]. In this paper, based on 
logical structure and basic principles of quantum mechanics, 
we propose a new method on reconstruction quantum 
mechanics by the wave-particle duality, and corresponding 
extensive quantum theory, and discuss their applications and 
developments.

Logical Structure and Basic Principles of 
Quantum Mechanics

Bases of reconstruction quantum mechanics must be the 
basic principles and structures of quantum mechanics. It is 
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well-known that Von Neumann proposed the mathematical 
foundations of quantum mechanics [17]. At present, Strocchi 
discussed the mathematical structure of quantum mechanics 
[18]. Chen researched the intrinsic structure of quantum 
mechanics, and shown the wave function as four intrinsic 
relations on physical space [19]. Bowers searched the 
mathematical structure of quantum mechanics [20].

Based on the analysis of the logical structure of quantum 
mechanics, we proposed that the wave-particle duality is 
the only basic principle of quantum mechanics. Statistics 
is the corresponding mathematical character [21,22]. The 
other principles [17,23-26] are all physical or mathematical 
results derived from this. Duality unifies Planck formula 
E=hv and de Broglie formula /p h λ  to i ip hk . Based on 
the duality and symmetry between geometrical optics and 
Hamilton mechanics, Schrödinger equation, Klein-Gordon 
(KG) equation and Dirac equations are derived. At the same 
time a represent of plane wave 0 exp( )i iA A ik x extends to 
the wave function of free particle exp( / )i iA ip x hψ  . Its 
differential derives namely operator represent of physical 
quantity:

i
i

p ih
x


 


.(1)

The uncertainty principle has universal meaning for 
various waves, which explains only limit and approximation 

of microscopic measure and theory. From operator represent 
and the uncertainty principle may derive the conjugate 
quantities and commutation relations.

Wave property as probability wave may be exhibited only 
for much particle events, which obeys identical principle. 
From this obtains Bose-Einstein statistics and Fermi-Dirac 
statistics, one of whose result is Pauli Exclusion Principle. 
Such quantum mechanics is statistical. Mathematical basis 
of quantum statistics obtains necessarily the definition of 
average value, and Eigen equations, which combing operator 
represent may derive: 

i
i

p ih
x

ψ ψ
 


, (2)

and various equations of quantum mechanics. Since physical 
quantities are observable, they must be real numbers, 
Hermitian operators, and Eigen functions are orthogonality, 
normalization, completeness and closed. Particle number 
conservation can become statistical probability is 
independent of time, which obtains that the wave equations 
are finite, continuity and single value. Complementary 
principle as an extensive duality is namely a symmetrical 
principle. The superposition principle is mathematical 
property of quantum mechanics. We described these 
conclusions as following (Figure 1) [21,22]:

Figure 1: Structure system of quantum mechanics.

Reconstruction Quantum Mechanics by 
Duality

We propose a new method on reconstruction quantum 
mechanics based completely on the wave-particle duality. So 
that it will be not magical and complex.

The Extensive Quantum Theory with Wave Form 
of Quantum Mechanics

In geometrical optics for a plane monochromatic wave 

any quantity describing the field of the wave has the form 
[27]:

( ) i iik ri kr tf ae aeωψ    , (3)

i
i

ik
r
ψ ψ

 


.(4)

We derive an operator:

i
i

k i
r


 


.(5)
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If a scalar A is introduces i iP Ak  [27], so Equation (5) 
becomes to:

i
i

P iA
r


 


.(6)

This is the same with operator of four-momentum. It is a 
main result of wave. These are not directly related to the light 
velocity c. And it can be generalized to the general wave, the 
cV here V is wave velocity.

This is a remarkable analogy between geometrical optics 
and the mechanics of material particles [27]. Based on the 
relations:

2

2
PE V
m

  , and 2 2 2 2 4 2,E P c m c E c P mcα β    , (7)

These energy-momentum relations are the main 
properties of particles. Combined with wave (6) and particle 
properties (7), we derived the similar Schrödinger equation:

2
2( , ) ( ) ( , )

2
AiA r t V r t

t m
ψ ψ

   


, (8)

and Klein-Gordon (KG) and Dirac equations, and the extensive 
quantum theory [28-31], in which the formulations are the 
same with the quantum mechanics only AH, i.e., quantum 
constant h and corresponding basic quantum elements are 
different.

•	 Based on the black radiation, photoelectric effect and 
Bohr atom model, etc., microscopic quantum mechanics 
introduced and determined A= , so we derive Equation 
(1). i iP hk  (h is Planck constant)includes E=hv (Planck 
formula) and p=h/ λ (de Broglie formula) and 2c uv  
(de Broglie relation, here u is group velocity and v is 
phase velocity).

For the microscopic scale, quantum mechanics is A=H=
 . Conversely, H is namely the extensive quantum 
theory [28-31]. As long as the wave-particle duality or the 
corresponding statistics holds, we must obtain the extensive 
quantum theory.

In a word, it is divided into two steps: First, from wave 
form and duality we obtain the extensive quantum theory, 
which has the same quantum formulations only with 
different quantum constants H; then microscopic phenomena 
determine H=h, and quantum mechanics.

•	 Based on the operators of momentum-energy Equation 
(6), we may obtain

( ) ( )i i i i i i
i i

r P Pr r iA iA r iA
r r

ψ ψ ψ ψ ψ 
    

 
, (9)

and corresponding the uncertainty principle, which should 
hold for general wave.
Moreover, Equation (9) is also a commutation relation:

i j j i ijr P P r iAδ  . (10)

•	 From Equation (6) we derive

( ) ( )iA t H t
t
ψ ψ




.(11)

Let ( ) ( ,0) (0)t U tψ ψ , ( ,0)U t is a time-evolution operator, 
and ( ,0) exp( / ).U t iHt A   From this obtains Heisenberg 
equation:

1 [ , ]dF F H
dt iA

 . (12)

It is a like Poisson bracket, and is analogue to the Liouville 
equation in classical mechanics. But, the quantum statistics 
and fermions seem to be not derived from the duality. 
Wetterich researched emergence of quantum mechanics 
from classical statistics [32].

In fact, many forms of quantum mechanics based on basic 
principles are already various extensive quantum theories 
[28-31], in which the wave function has probably radiation, 
Doppler effect, polarization and resolution, etc [27].

Potential and Interactions in Special 
Relativity and General Relativity 

Dirac proposed a method [23]

2 2 2 2 4E c p m c  , (13)

whose extraction is

2E cp mcα β  . (14)

This obtains the famous Dirac equations in quantum 
mechanics. We proposed this method may be generally 
applied: For any square:

2 2 2A B C  , (15)

whose extraction should be:
A B Cα β  .(16)

They include various four-vector.
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Further, we extended the Dirac extraction to any terms
2 2 2 2 ...A B C D     (17)

whose extraction should be [33]: 
...A B C Dα β γ     (18)

Here 2 2 2 ... 1α β γ    ,(19)

and ... 0αβ βγ γα    .(20)

For arbitrary n-power equation:
...n n n nA B C D    (21)

whose extraction of n-power may be:
0 0 0 ...A B C Dα β γ    (22)

Here 0 0 0 ... 1n n nα β γ    , (23)

0 0 0 0 0 0 ... 0α β β γ γ α    , ' ''
0 0 0 ... 0m m mα β γ    .(24)

And n>(m,m’,m’’)>0. Various extensions may introduce 
various matrices. They may be some very funny matrices, 
even may obtain new algebra [33].

As an example, assume that
2 2 2 4 2( )E cp m c V   , (25)

whose extraction is:

2E cp mc Vα β γ   . (26)

The first and third terms in energy (23) are respectively 
kinetic energy and potential energy. Equation (26) agrees 
with Equations (13) and (14). Its square approximation is 
the Schrödinger equation with the potential V.

It is known that Schrödinger equations in curvilinear 
coordinates are:

2

,

1[ ( ) ]
2

ik
i k

i j
i g g V

t m q qg
ψ ψ  

  
  

 .(27)

In the quantum cosmic field the wave function of 
Universe obeys the Wheeler-de Witt equation:

2 3( ) ( ) 0ijkl
ij kl

G G R g
g g
δ δ ψ
δ δ

  .(28)

Here 1 ( )
2ijkl ik jl il jk ij klG g g g g g g

G
   . The de Broglie-

Bohm “quantum potential” is:

2
2 1

ijkl
ij kl

AQ G
A g g

δ
δ δ

  .(29)

The equation may be developed to the nonlinear form:

2
2 3 2 1 | |( ) ( ) 0

| |ijkl ijkl
ij kl ij kl

uG G R G u g
g g u g g
δ δ δ
δ δ δ δ

    . (30)

These are similar with the gravitational field equation:
G Tµν µνκ .(31)

We proposed general equations possibly are [34,35]:

G Tµν µνψ κ ψ .(32)

Applications and Developments of The 
Extensive Quantum Theory

The basic equation of quantum mechanics is the 
Schrödinger equation:

2
2( )

2
i U

t m
ψ ψ

   




  .(33)

The time-independent Schrödinger equation is:

2

2 ( ) 0m E Vψ ψ   


. (34)

In 1964 P. Hohenberg and W. Kohn proposed the density 
functional theory, in which electron is not a point, and the 
electron density of the material is the only known physical 
quantity needed to determine all the physical properties of 
the material [35].

In 1986 Ghirardi, Rimini and Weber (GRW) proposed a 
new method that adds a random collapse probability term in 
Schrödinger equation [36].

The double-slit interferences show that wave characters 
emerge gradually from particles [37,38]. Then some big 
particles shown two-slit interference experiments, such as

60C , m= 211.2 10 g  [39], 284 190 320 4 12C H F N S , m= 201.68 10 g
[40], etc. Bohr explained double-slit interference is based on 
motion continuity. But, motion may be discontinuous, such 
as quantum hopping, space-time quantization, etc. Based 
on the density functional theory (DFT), from 1998 Hofer 
researched internal structure of electrons and photons [41], 
to in 2021 discussed the incoming revolution in quantum 
mechanics [42].
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For the extensive quantum theory above equations (28)
(29) hold still only H . It was already applied to 

astronomy [28,29], nanophysics and macroscopic quantum 
phenomena [30], high temperature superconductivity and 
BEC [43], biology [44-47] and medicine [48], and sociology 
[49], etc. Based on the extensive quantum biology, 
Schrödinger equation at column coordinates and its solution 
may derive the double helical structure of DNA, in which 
quantum elements are A-T and G-C of two-body, and 
correspond to bosons. It is necessity mathematical conclusion 
that quantum mechanics has symmetry [45-47]. General 
drugs are always quantized. Only intravenous infusion is 
continuous, which corresponds to fluid mechanics.

Based on Dirac negative energy, Einstein mass-energy 
relation and principle of equivalence, from 2007 we proposed 
the negative matter as the simplest model of unified dark 
matter and dark energy [50-61], whose main characteristics 
are the gravitation each other, but the repulsion with all 
positive matter. So all theories are known, only mass includes 
positive and negative. Because there is repulsion between 
positive matter and negative matter, so which is invisible dark 
matter, and repulsion as dark energy. It may explain many 
phenomena of dark matter and dark energy. We researched 
its predictions and possible tests, and derived that the 
rotational velocity of galaxy is approximate constant, and 
an evolutional ratio between total matter and usual matter 
from 1 to present 11.82 or 7.88 [59-61]. We calculate the 
accelerated expansion at 9.760 billion years. The mechanism 
of inflation is origin of positive-negative matters created 
from nothing, whose expansion is exponential due to strong 
interactions at small microscopic scales. Further, we should 
closely observe the dark regions of the Milky Way, which 
could be three categories: gas cloud, black hole, or dark 
matter. The black holes form some spherical regions, while 
gas cloud and dark matter may not be completely regular. 
When the Earth is in different positions of the solar system 
throughout a year, the background stars of these regions will 
be respectively constant, gravitational lensing, or opposite 
repulsive lensing if negative matter as dark matter. The both 
angles of deflection are different. Many observatories should 
be able to observe these differences [61]. We predict that the 
place where negative dark matter exists most likely between 
visible spiral arms, and the closer to the edge, the more likely. 
We look forward to the early results of the astronomers. This 
model is not only the simplest, and is calculable, observable 
and testable, and may be changed and developed.

For quantum mechanics of the negative matter 
Schrödinger equation is different, the Dirac equations of the 
negative matter are [52]:

( ) 0mµ µγ ψ   . (32)

But, KG equation is the same. The production of mass by 
positive matter and negative matter formed simultaneously 
may be related to the Higgs mechanism.
Pauli equation with spin is:

21( ) ( ) ( )
2 2

e ei e i A V H
t m x c mcα

φ ψ ψ ψ σ ψ 
     

 


  . 

(33)
It is developed to the extensive quantum theory in 

astronomy, and corresponds probably to the rotation of 
celestial bodies.
In the electromagnetic field KG equation is:

2 2( ) ( )ei A mc
x c µ
µ

ψ ψ
   


 . (34)

Dirac equation is:

2( ) ( )i e i c eA mc
t xα

φ ψ α ψ β ψ 
    

 
  .(35)

Or ( ) 0e mcA
x cµ µ
µ

γ ψ ψ
  

 

. (36)

Dirac pointed out: Wave can act as fields [62]. Such 
wave-particle duality can be a more general the field-particle 
duality, and field (wave)-quantum-chaos ternary [63] based 
on the soliton-chaos double solutions of nonlinear equations 
[63,64].

Discussion on Some Basic Questions

General potential is:
V m V mAµφ   .(37)

The wave equation in the spherical coordinates is:
2 0kφ φ   .(38)

It has all the quantum numbers n, l, m, which correspond 
to the hydrogen atoms. This specially holds for wave function 
is independent of the time. Celestial bodies are generally 
flat column coordinates. Both correspond to fermions and 
bosons, respectively. For the central symmetric field, the 
wave functions naturally appear as three quantum numbers.

We searched possible unified equations of fermions and 
bosons, both correspond to j+(1/2) order Bessel equation in 
spherical coordinates, and m order Bessel equation in column 
coordinates [65]. It is corresponding relation between Bessel 
equation and spin:

https://medwinpublishers.com/PSBJ
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Spherical 
coordinate j fermions Dirac 

equation FD statistics

column 
coordinate m bosons K-G 

equation
BE statistics, and 

BEC

For Yang-Mills equation and various gauge fields, the 
corresponding fields are introduced to the strong and weak 
interactions, and correspond to quantum field theory and 
QCD. Gravitational interaction is general relativity.

Various methods can be generalized. Similar quantum 
mechanics can be Schrödinger form, Heisenberg form and 
Feynman form, etc. The square of the wave function in the 
extensive quantum theory shows the probability. This may 
be true for the evolution of the solar system [29]. It should be 
true in quantum biology.

This may be developed to the nonlinear quantum [21,66], 
and combine the mechanical wave theory [67]. Based on the 
universal wave-particle duality, along an opposite direction 
of the developed quantum mechanics, we used a method 
where the wave quantities frequency v and wave length 
λ  are replaced on various mechanical equations, and may 
derive some new results, such as some new operators, 
nonlinear equations and their solutions, etc.

Based on the complete special relativity [21,68] and  
2 c uv (de Broglie relation), we can explore the quantum 

mechanics and its basic equations in the spacelike interval. 

We researched the fractal-dimensional and extended 
complex dimension [21,69]:

zD D iT  . (39)

We discussed the fractal relativity, which connects 
with self-similarity of the Universe and the extensive 
quantum theory [28-31]. Combining the quaternion, etc., we 
introduced the high dimensional time:

1 1 2 2 3 3ict ic t jc t kc t   . (40)

So the arrow of time and irreversibility are derived. 
Then the fractal dimensional time is obtained, and space and 
time possess completely symmetry. The higher dimensional, 
fractal, complex and super-complex space-time theory 
covering all might be constructed preliminarily [70].

We investigated the evolutional physics from the 
irreversible physics. Various arrows of time are introduced, 
and their possible unification is statistical arrow of time. We 
researched the possible mathematical formations on the 
irreversibility of time, which includes semigroup and super 

complex time of vector. From this the semigroup physics 
and the semigroup science are proposed mathematically. 
Then we discussed vector space-time, entropy decrease and 
dissymmetry in different geometry [71]. Based on various 
types of time, we searched generalized Noether’s theorem 
and evolutional world [70,71].

Nottale searched the fractal, scale relativity and 
microphysics from fractal dimension of quantum path to the 
fractal structure of quantum space-time [72]. Further, we 
should develop the quantum mechanics and corresponding 
equations of semigroup and fractal dimension. E=hv may 
extend h or v, as 1 2iν ν ν  , or 1 2h h ih  and 1 2H H iH 
. Further, combination with quantum mechanical equations, 
H can generalize to various constants c, G, k, parameter, and 
mass, etc., extend to complex, quaternion, matrices and so on.

In the extensive quantum theory double series with 
the same cycle, such as earthquake, can be compared to 
DNA [45-47]. Multiple series with the same cycle can be 
compared to the development of DNA. Generalization of DNA 
models can also describe biperiodic helical development in 
biology and society. General quantization may correspond to 
various mutations, such as gene mutations, etc., and discrete 
mathematics, nonstandard analysis (NSA), etc.
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